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Chapter 0

Introduction

Abstract
This document is concerned with studying various properties of infinite symmetric groups. These groups are particularly
interesting as all groups are isomorphic to permutation groups, and every permutation group is a subgroup of an infinite
symmetric group.

0.1 Declaration

I certify that this project report has been written by me, is a record of work carried out by me, and is essentially different
from work undertaken for any other purpose or assessment.

0.2 Introduction

Throughout this document we will be working using the ZFC axioms, and in particular, we will make use of the axiom of
choice. In this document we aim to prove many results concerning infinite symmetric groups including the following. If 2
is an infinite set then:

1. All elements of Sym(€2) can be written as a commutator of elements of Sym(2),
2. The group Sym(Q2), when viewed as a semigroup, satisfies the semigroup Bergman property,
3. The stong cofinality of Sym({2) is uncountable,

4. The group Sym()) can we written as a product of 10 of its abelian subgroups,

21|

5. There exists a family of 2 pairwise non-conjugate maximal subgroups of Sym(2),

6. We will classify which finite partitions of {2 have maximal subgroups of Sym({2) as their setwise stabilisers.

This project is organised as follows: We will introduce some notation and definitions that the reader is expected to be
reasonably familiar with. We will then spend a chapter proving various results which are not directly related to infinite
symmetric groups but will be needed at various points in the document. We will spend the remaining chapters proving
various interesting results about infinite symmetric groups.

This project was researched and referenced as follows:

1. The basic definitions and notation section contains only definitions that I was either already familiar with or were
directly told to me by my supervisor. These thing are generally considered to be ‘common knowledge’ in pure
mathematics.

2. Chapter 2 is a result of my supervisor directing me towards a proof of the commutator result given at the end of
the section. He did this by suggesting theorems for me to prove. However the individual proofs contained in this
section were all written by me.

3. In Chapters 1, 3 and 4 most of what is written is based on theorems and proofs taken from papers, with some
intermediate proofs constructed by me when I was able to. These proofs have be rewritten in my own words. In
some cases these proofs have been altered to be more compatible with this document, to explain further things the
original said to be ‘clear’ or to yield a slightly different result while preserving the fundamental idea of the proof.
When a proof is given which is based on the work of another paper this is stated at the start of the proof.



0.3 Basic Definitions and Notation

In this section we will define various terms which are used throughout the document. It is expected that the reader will
already be reasonably familiar with most of these terms and therefore we will omit some details and proofs of the validity
of these definitions. We will make use of the following notations:

1. If S is a set we use the notation P(S) to denote the power set of S,

2. We use N to denote the set {1,2,...} and Ny will be used to denote the set {0,1,2,...},

3. We use C to denote a subset and C to denote a strict subset,

4. If S is a subset of some set which is clear from context, we use S° to denote the complement of S,

5. We will use right actions of functions,

6. If A and B are sets then we use A” to denote the set of functions from B to A,

7. If A and B are sets then A U B is used to represent the disjoint union of A and B, that is AU B := {(a,0) : a €
A}y U{(b,1):b e B},

8. If A and B are sets then we use AAB to denote their symmetric difference, that is AAB := (A\B) U (B\A),

9. We will use the notations (S)¢q, (S)s and (S)r to denote respectively the group, semigroup and topology generated
by the set .S,

10. We will use the notation <g to denote a subgroup and the notation < to denote a strict subgroup.

11. If a set is ordered in a way which is clear from context we will use < for strictly less than, and < for less than or
equal to.

Definition 0.3.1 If f: X — Y is a function then the domain, image, fix and support oaf f re defined by:

dom(f) := X, fix(f) ={zr e X : (a)f =z},
img(f) :={yeY :(z)f =y for some z € X}, supp(f) :={x € X : (x)f # z}.

Definition 0.3.2 Let Q be an infinite set and let M C Q. We call M a moiety of Q if |M| = |M¢| = |Q].

Definition 0.3.3 A partially ordered set is a pair (P, <) where < is a subset of P x P satisfying the below conditions.
We use the notation a < b to denote (a,b) €< and the notation a < b to denote a < b and a # b.

1. Reflexive: For all p € P we have p < p,
2. Anti-Symmetric: If a < b and b < a then a = b,

3. Transitive: If a <b and b < ¢ then a < c.

Definition 0.3.4 A totally ordered set (T,<) is a partially ordered set in which we have, for all a,b € T, that either
a<borb<a.

Definition 0.3.5 A well ordered set (W, <) is a totally ordered set, in which for all S C W there exists m € S, such
that m < s, for all s € S.

If R is a function or partial order we will use the notation R|g to denote R restricted to the elements of S.

Definition 0.3.6 Let (P, <) be a partially ordered set and let C C P. We call C a chain if (C, < |¢) is a totally ordered
set.

Definition 0.3.7 Let (W, <) be a well ordered set. We call S C W an initial segment of W if S = {z € W : 2 < M}
for some M € W.

Definition 0.3.8 If P, and P, are partially ordered sets and ¢ : P, — P» is an order preserving bijection, then we call
¢ an order isomorphism. In this case we say that P, and P» are order isomorphic.

Definition 0.3.9 A semigroup is a pair (S, *) where S is a set, and * : S x S — S is a function satisfying the condition
below. If a,b € S then we use the notation a * b (or sometimes just ab) to denote *(a, b).

Associatiwity: For all a,b,c € S we have that (a *b) xc=ax* (bx*c).



Definition 0.3.10 A group is a semigroup (G, *) which satisfies the following conditions:

1. Identity: There is an element e € G such that for all g € G we have eg = ge = g,
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2. Inverses: For all g € G there exists g~! € G such that gg~! = g g =e.

Definition 0.3.11 If G is a group and f,g € G, then we say f and g are conjugate if f = h~'gh for some h € G.

Definition 0.3.12 If Q is a set, then the symmetric group Sym(2) is defined to be the set of bijections f : Q@ —
under composition of functions.

An infinite symmetric group is simply a symmetric group which acts on an infinite set.

Definition 0.3.13 Let Q be a set and let S be a set on which Sym(Q) acts.
The pointwise stabiliser of S and setwise stabiliser of S are defined to be the following;:

Pstab(S) = {f € Sym(Q) : (z)f =« for all x € S}, Sstab(S) = {f € Sym(Q) : (z)f € S < =z € S}.
It’s not hard to verify that these are groups, and that the pointwise stabiliser is a normal subgroup of the setwise stabiliser.

Definition 0.3.14 Let Q be a set and let S C Q. We introduce the notation Symg,(S) := Pstab(S5¢), for the subgroup
of Sym(€2) which is naturally isomorphic to Sym(S).

Definition 0.3.15 Let Q be a set, let G C Sym(Q) and let S be a subset of 2. We say that S is full in G or G acts
fully on S if for all f € Sym(S) there exists f/ € G such that f'|s = f. Note that this doesn’t necessarily mean that
Symg(S) € G.

Definition 0.3.16 Let G be a group which acts on a set S. Then we say G is transitive on S if for all z,y € S there is
an f € G such that (z)f = y.

Definition 0.3.17 If Qis a set, p € Q and S C Sym(Q) then the orbit of p with respect to S is defined by
orbg(p) :={x € Q:x = (p)f for some f € (S)¢}.

Definition 0.3.18 Let Q be a set, and let f € Sym(Q2). The term disjoint cycle shape of f is used to describe the
partition of €2 into equivalence classes under the equivalence relation given by

a~b <= acorbgs(b)

In particular how many elements of 2/ ~ there are of each cardinality. If k is a non-zero cardinal, then the term r-cycle
will be used to refer to f|p where P € 0/ ~ and |P| = .

Note that all cycles must have countable domain, as the orbit of a point under a cyclic group is countable. We will also
use the notation (...a_1,ap,a1,as...) to denote a cycle which maps a; to a;1 and the notation (ag,a1,as...a,—1) to
denote a cycle which maps a; t0 @;+1 mod n -

Definition 0.3.19 A metric space is a pair (X, d) where d : X x X — R is a function satisfying the following conditions:
1. Non-negativity: img(d) C [0, 00),
2. Identity of indiscernibles: If x,y € X we have that d(x,y) = 0 if and only if z = y,
3. Symmetry: If z,y € X we have that d(z,y) = d(y, z),
4. Triangle inequality: If x,y,z € X we have that d(x,y) < d(z,z) + d(y, 2).
Definition 0.3.20 We say that a metric space is complete if every Cauchy sequence is convergent.

Definition 0.3.21 A topological space is a pair (X,7T), where X is a set and 7 C P(X) satisfying the following
conditions:

1. Wehave D € T and X € T,
2. If S C T is finite then (S € T,
3. USCT then S eT.

Definition 0.3.22 If (X, 7) is a topological space then we use the following notations and terminology:



1. If U € T we say that U is open,

2. If F¢ €T we say that F' is closed,

If S C X then we use S° to denote the largest open set contained in S (we call this the interior of S),
If S C X then we use S to denote the smallest closed set containing S (we call this the closure of S),
If (N)° = () then we say that N is nowhere-dense,

If M is a countable union of nowhere dense sets then we say that M is meagre,

If B C T satisfies the condition that 7 = {{J S : S C B} then we say that B is a basis for T,

© N e ooe W

If (X, d) is a metric space, and {{y € X : d(z,y) < e} :x € X,e > 0} is a basis for T then we say that 7 is induced
by d.

Definition 0.3.23 1If {(X;,7;) : ¢ € I} is a family of topological spaces then we define their product topology by
I 7 =[x D).
iel i€l

Where T is the topology with basis

{H U; : U; € T, for all i and all but finitely many U; are XZ} .
el

Definition 0.3.24 A subset D of a topological space (X,T) is called dense if for all U € T\{0} we have D NU # 0.
Note this is equivalent to saying X = D.

Definition 0.3.25 A topological group (X, *,T) is a triple where (X, *) is a group and (X, 7) is a topological space such
that the functions: * : X x X — X and ~! : X — X are both continuous (where the topology on X x X is the product
topology and ! is the function which sends an element of X to its group inverse).



Chapter 1

Background Topics

In this chapter we prove various results concerning areas of mathematics that are not directly related to infinite symmetric
groups but will be needed in later chapters.

1.1 Topology and Baire Category

In this section we prove some well known results related to baire category and topology which we will need in chapter 2.

Theorem 1.1.1. If ((X1,d1),(X2,d2)...) are complete metric spaces, then (X ,d) is a complete metric space, where

di(x1,45,%2,)
X, = X, dr , ), , ::E . : : .
H (@212, (2,222 )) e 20 x (1 +di(1,5,72,4))

Proof. We first show that d; is a metric. The non-negativity and symmetry conditions follow from the fact that the d;
are non-negative and symmetric for all i. Let

Xr1 = (lELl,ZELQ...), To = (12271,.%272...), I3 1= (CE3_’1,ZL'372...)

be arbitrary elements of X.
Identity of indiscernibles:

mlzaxlz
) 07
xl 33'1 ZN 1+d(l‘11,$11 ZN 1+()

di(21,, T2,) —0 — di(21,:,T2,4)

de(x1,22) =0 = - = . =0 forallieN
(@1, 22) ; 2t x (14 di(z1,46,22,:)) 20 x (1 +di(1,5,72,4))

— di(CCli,.Z‘Qi):O forallie N — T1,; = T2, foralli e N — x1 = xo.

Triangle inequality: Note that f:2 — 47 =1— 14%% is an increasing function on [0, 00), as it has derivative ﬁ > 0.

di(21,i,23,)
dr yL3) = : " :
(@1, 25) % 20 x (1 +di(z1,6,23,4))

_ Z f(dz(xgz,ﬁsz))

ieN
fldi(z1,22,5) + di(v2,4,23,:))
>
ieN

_ Z di(x1,3,2,;) + di (w2, x3,:)
e 20 x (1 +di(z1,,x2,4) + di(x2,3,))

_ Z di(1,5,%2,:) +Z di(r2,i,23,:)
2 ) (Lt diwr, wo) + di(wg,i,w34)) 40 20 X (L4 di@r, @2,0) + di(w2,0, 03,4))

di(T1,4, T2 di(224, 3,
<Y gy )
e 2t X (]. =+ di($17i7$2’i)) s 2t x (1 + di(fEQ,i,l'g’i))

= dﬂ-(Il, IQ) + dﬂ(l’g,l’g).




We now show that (X, dr) is complete. Let (zy)nen where z, = (p,1,Zpn2...) for all n € N be a Cauchy sequence. We
have that for all € > 0 there exists an N € N such that for all n,m > N

f(dz (mn,i; xm,z))

i for all - € N.

€Zd xnaxm Zf wnmxmz))

1€N

Y

We have f is a continuous increasing function with f(0) = 0, and 2¢ is a constant for all i. It follows that for all i € N
the sequence (x1,, 22, ...) is Cauchy with respect to d;. Thus for all i € N the sequence (x1,, 2, ...) is convergent with
respect to d;.

Let x; := (x1,1, %12 - . .) be the sequence of these limits. It suffices to show that (z,)nen converges to ;.

Let € > 0. We have that
Z di(Tn,i,T15) < 1
ieN 21 X (1 —+ di(-rn,ia zl,i)) - N 27‘

for all n € N. It therefore follows that there exists k € N, such that for all n € N we have
i di(Tn i, 1) < £
i=k+1 20 % (1 + di(xn,i7$l,i)) -2

As (214,22, ...) converges to z;; for all i € N, there exists N € N such that for all n > N and i € {1,2...k} we have

di(Zn,i, 21,0)
_ ) ’ < di(Tn,i,x15) <
20 x (14 di(nis 1,4)) ( :

=|o

For all n > N it follows that

k
d'(xniaxlz mn uxlz xn zal'l 1)
drr " =
(x xl) ; (1+d(xnzyxlz ZQ%X +d(xnzvxlz * Z 20 x 1+d(xnzaxlz))

i=1 =k+1
k k
dz(xn iy L] 1) g g g
< : 4 Z < = S .
= (2_; T x (Lt di(@nsni) ) 2 ; k) T2 ¢
So (zp)nen converges to x; as required. O

Definition 1.1.2 A set S in a topological space is said to be Gy if S is a countable intersection of open sets.
Definition 1.1.3 A topological space is called completely metrisable if it is induced by a complete metric space.

Theorem 1.1.4. A G subset of a completely metrisable topological space is completely metrisable.

Proof. The following proof is based on the proof of Theorem 1.2 in [2].

Let S := (;cn Us for open sets U;, be a G5 subset of a completely metrisable topological space (X, 7') induced by complete
metric space (X, d).

Define the function ¢ : S — (X x R x R...) by

(x)v = (” d(g;,lUf)’ d(x,lUf) o )

Note that here we do not divide by zero as the Uf are closed, so if d(z,Uf) = 0 then there is a sequence of points in Uf
converging to x and thus « € Uf a contradiction. By Theorem 1.1.1 we have that (X xR xR...,d,) is a complete metric
space.
Claim: The function ¢ : S — img(v), defined by (x)¢ = (z)1, is a homeomorphism.

Proof of Claim: By construction ¢ is surjective, and ¢ can be seen to be injective by considering the first coordinate
of the image. We need to show ¢ is continuous. Let € > 0 and = € S. Let k € N be such that Z?ik+1 < £ and let

1

27T = 3

5= min{g min{d(z,Uf) :i € {1,2...k}} emin{d(z,Uf):i€ {1,2...k}}2}
o 3’ 2 ’ 6k

Let y € S be such that d(z,y) < d. For ¢ to be continuous it suffices to show that d.((z)o, (y)¢) < e.

oo

1 1
d(x,y) 1 ‘d(w,U?) ~ dw,09)
dy ((2)6, - Y5 ; :
()6 ) 1+d(x’y)+ = 1+‘d( T T O
= z,Uf y,U7

d(z,Uf)d(y,Uf)

’ d(y,U7)—d(=,U7)

k
Z 2i+1

w\m

1 1
1+ ‘Ww;) R



k

e e & d(z,y) €€ d(x,y)
< Z 4 Z R Sk G
=373 L dw,u9dly0p) =3 '3 Z; 0. U9) (e, U5) = 9)

(y,Uf) — d(x,Uf)
<7
<z+z +Z’ i Uy 07)

k k .
e € d(z,y) e € 26 e € min{d(z,Uf) :i € {1,2... k}}?
<Z4:Z ot A R
=3 3+;d( Up) e 3+3+;d(m,Uf)d(x,Uf)_3 3 E 6kd(z, U?)?
<§+E+ £ €
-3 3 i:13k_

Finally we need to show ¢! is continuous. Let ¢ > 0 and z € img(¢), let ¢ := min{5, 1} and let y € img(¢).
d((x)(b*l, (y)¢’1) ~1 1 _1 _1
s <6 = dl(@o ™ w6 ™) <80+ (@) ()™

0

= d((@)¢™ ", (y)e” (1 -0) <§ = d((2)¢~", (y)¢~") < {5 =20<e D

de(z,y) <0 =

We have that S is homeomorphic to img(¢) which is contained in a complete metric space. So to show S is completely
metrisable it suffices to show that img(¢) is closed and therefore complete.
Let ((x,,)®)nen be a sequence in img(¢) which converges to (x,r1,72...) in (X x R x R...). For all i € N we now have

1 1 1
r; = lim = =

n—oo d(xy,,Uf)  dlim,—eo zn,UF)  d(z,Uf)
= d(z,U{)#0 = ¢ U = z€U,.

It follows that = € ;Ui = S. As x € S and 07 UF) =r; for all i € N, we have that (z,71,72,...) = (z)¢ € img(¢p) as
required. O

In fact it is also true that if a subspace of a completely metrizable space is completely metrizable, then this subspace is
Gs. This is proven in [2]. However this fact is not required in this document so the proof is omitted.

Theorem 1.1.5. If N is nowhere dense in a topological space (X,T), then N€ is dense.

Proof. Suppose for a contradiction that U is a non-empty open set satisfying U N N€¢ = ().
UNN‘=) = U\N=0 = UCN = UCN = UC(N)° = (N)°#0.

The penultimate implication follows because U is open. We therefore have that (N)° # (), which is a contradiction as N
is nowhere dense. O

Theorem 1.1.6. Let (X,T) be a topological space induced by a metric d. A set N is nowhere dense if and only if for all
x1 € X and ry > 0, there exists an xo € X and an ro > 0 such that B(xa,1r2) C B(x1,71)\N.

Proof. (=) Let N be nowhere dense. Suppose for a contradiction that there exists z; € X and r; > 0 such that there are
no ro € X and ry > 0 satisfying B(x2,72) C B(x1,71)\N.

Let € B(x1,m1). As B(z1,71) is open there exists an r > 0 such that B(z,r) C B(x1,71). By assertion B(z,r) ¢
B(z1,71)\N, so there exists y € N N B(x,r). As r can be made arbitrarily small, we therefore have that x € N. As x
was arbitrary it follows that B(z1,71) C N, and therefore B(z1,71) C (N)°. So 21 € (N)°, this is a contradiction as N is
nowhere dense.

(<) Suppose for a contradiction that (N)° # 0. Let z € (N)°. As (N)° is open there exists r > 0 such that B(z,r) C (N)°.
By assertion there exists o € X and ro > 0 such that B(zq,72) C B(x,7)\N C (N)°\N C N\N. We therefore have
29 € B(x2,79) € N\N and in particular z € N.

But B(z2,72) is open and contains zg and B(za,72) C B(x,7)\N so B(zgz,r2) N N = (). This contradicts the fact that
zy € N. O

Definition 1.1.7 A Baire Space is a topological space in which any countable collection of dense open sets (Up,),en has
dense intersection.

Theorem 1.1.8 (Baire Category Theorem). Every completely metrisable topological space is a Baire Space. In addition,
a non-empty completely metrisable space is not meagre.

Proof. The following proof is based on the proof of the Baire Category Theorem found in [1].
Let (X,7) be a completely metrisable topological space induced by the complete metric d. Let (Up,)n,en be a countable
collection of dense open sets.



We want to show that I = ();. U; is dense in X. Let x € X. As x is arbitrary it suffices to show that = € I

Let U, be an open set containing x. It suffices to show that INU, # 0. As T is induced by d, there exists an rq > 0 such
that B(z,79) C U,.

Let By and Vy be B(x,rg). Let V,, := U, N B,_; foralln € N and B, := B(x,,r,) foralln € N be such that
B, € B(2n,2ry) €V, and 0 < rp, < 251

Note that this construction is possible as each V; is constructed by intersecting an open set with an open set, so each V;
is open.

In addition V; is non-empty as the intersection of a dense set and a non-empty open set.

We will now show that (z,,), is a Cauchy sequence. Let € > 0 and choose N € N large enough that 5% < 5. Forn > N
we have z,, € B, CV,, C Bp_1...... C By = B(wn,rn) € B(zn, 58 ). This final inclusion follows as each B has radius
less than half the size of the previous one. So we have that d(z,,rn) < 58 < 5.

So for n,m > N we have

A Xp, ) < d(@n,zN) + d(@m, TN) < % + % =e.

We therefore have that (z,,), is Cauchy.
As (X, d) is complete we have that (z,,), is convergent. Let y := lim, o x,. It suffices to show that y € U, and y € I.
For k € N, the sequence (Tk41,Zgt2,...) converges to y. For all ¢ > k we have

z, € B, CB;_1...C Bk+1 - Bk+1 = {Z cX: d(a:k+1,z) < Tk+1} - {Z cX: d(x,z) < 2Tk+1} - Vk+1 C By.
As for all @ > k we have z; € By a closed set, we have that y € Bipy1 C By C Vi C Ug. We therefore have that

Y€ (VienUi =1, and y € By € By C U, as required. [

Suppose for a contradiction that (X, 7) is a non-empty completely metrisable space such that X = U N;(= U N;) where
ieN ieN

the NV; are nowhere dense for all i € N. As (X, 7T) is completely metrisable we have that (X, 7) is a Baire space.

Consider the sets (Nic)ieN. As the complements of closed nowhere dense sets, these sets are open and dense. We therefore

have the following

ﬂ N, is dense — (U M) is dense = (X)° is dense = () is dense.
ieN iEN

As (X, T) is a non-empty topological space, X is a non-empty open set. But X N () = (J, this contradicts the fact that 0
is dense. O

Theorem 1.1.9. If (X, *,T) is a topological group, then we have that for all x € X the functions given by:

W)ba, =yz,  (Y)ba, =7y
are homeomorphisms.

Proof. Let x € X, as ¢,, has the inverse ¢,-1_and ¢,, has inverse ¢,-1, we have that these are bijections. In addition
we have by symmetry that if ¢, is continuous then QS;Tl, s, and qS;ll are continuous. It therefore suffices to show that
¢z, is continuous.
Let U be open in 7. We will show that (U)¢ ! is open.
We have that (U)*~! is open. By definition of the product topology, this means that there exists a collection of open sets
B such that UB = (U)x~! and for all b € B we have b = Uy 1 X Uy, > for open sets Uy 1 and U, 2. As U, 1 is open for all
b € B, it suffices to show that (U)¢,! = U{Us1 : x € Up2}.

ye(U)p,' <= yzrelU < (y,2) € U)x ' < (y,x) €UB
<= there exists b € B such that (y,z) € b
<= there exists b € B such that y € U ; and z € Uy »

<~ Yy cE U{Ub71 x € Ub,g}.

We therefore have that (U)¢, ' = U{Us,1 : © € Uy} and is thus open as required. O

1.2 Ordinals

Definition 1.2.1 An ordinal is a set « satisfying the following conditions:
1. Transitivity: If z € ¢ and y € x then y € «,

2. Well ordered: The pair («, {(a,b) € @ x « : we have precisely one of a € b or a = b)}) is a well ordered set.
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It is not hard to see that if « is an ordinal then at := a U {a} is also an ordinal. This is in fact the smallest ordinal
containing alpha.

Definition 1.2.2 If « is an ordinal then a+0:= a and a+k := (a+ (k—1))" for all k € N. If a # 87 for any ordinal
8 then we say that « is a limit ordinal.

Theorem 1.2.3. If a is an ordinal then o = B+ k for some limit ordinal 8 and k € N.

Proof. Suppose that o # 8 + k for any limit ordinal 8 and k € N. It follows that « is not a limit ordinal so a = a7 + 1
for some ordinal aq. It follows that aq is not a limit ordinal so there exists an ordinal s such that a3 = as + 1 and
thus @ = a2 + 2. By repeating this we can construct a decreasing sequence of ordinals («,), € «. This sequence has no
minimum element which contradicts the fact that « is well ordered. O

Theorem 1.2.4. Every element of an ordinal is an ordinal.

Proof. This proof is based on the proof of Theorem 2.6 in [7].

Let o be an ordinal and let = € a.

Transitivity: If z € y € x then we have that y € a and z € « by the transitivity of a. Also z < y < x so by the transitivity
of a as a well ordered set we have z < = and thus z € x.

Well ordered: By the transitivity of a we have that * C a and therefore is well ordered by the required ordering. O

In the following theorem we use the word class to refer to all the sets with a specific property.

Theorem 1.2.5. If C' is a non-empty class of ordinals then it has a least element, that is an element contained in all
other elements.

Proof. This proof is based on the proof if Theorem 2.11 in [7].

We will show that I := [ C is the desired element.

Claim: If o € C and « # I then min(a\I) = 1.

Proof of Claim: Let o € C\I. Let € min(a\I). We have that z < min(a\I) and & € a by transitivity so « € TI.
Conversely let € I. We want to show that x € min(a\I). As z € I we have that © # min(a\I). Suppose for a
contradiction that > min(a\I). Then min(a\I) € z and = € I, so by transitivity of ordinals min(a/\I) is an element of
every element of C, and is thus an element of I, a contradiction. It follows that z < min(a\7) and thus x € min(a\I) as
required. [

It follows from the Claim that if I € C then I is contained in all other elements as required. Suppose for a contradiction
that I ¢ C. By the Claim we have that I is an element of every element of C' and thus I € NC' = I. As I is an
element of the elements of C' which are ordinals, we have that I is an ordinal. Therefore I is well ordered with I < I, a
contradiction. O

Corollary 1.2.6. If « and 8 are ordinals then we have one of « € B, B € a or a = 3.
Corollary 1.2.7. All transitive sets of ordinals are ordinals.

Theorem 1.2.8. If I} and Iy are initial segments of a well ordered set and there is an order isomorphism ¢ : Iy — I,
then ¢ is the identity map and thus I = I.

Proof. Let ¢ : I; — Is be an order preserving bijection. Suppose for a contradiction that an element of I; is not fixed by
¢. Let m be the minimum such element. It follows that (m)¢ # m. If (m)¢ < m then ((m)¢p)¢ = (m)¢, contradicting
the injectivity of ¢. It follows that m < (m)¢ € Iy. Thus we have m € I, = img(¢). Similarly, if (m)¢~! < m then
((m)p~1)p~! = (m)¢p~1, contradicting the injectivity of ¢~1. It follows that we have both (m)¢ > m and (m)¢~! > m.
As ¢ is order preserving we conclude that (m)¢ > m and m = ((m)¢~1)¢ > (m)¢. This is a contradiction. O

Corollary 1.2.9. If a and 8 are ordinals and there is a bijection ¢ : a — B which preserves order. Then ¢ is the identity
map and thus a = (.

Proof. Observe that a and 3 are both initial segments of max(c, 8)7. O
Definition 1.2.10 A cardinal is defined to be an ordinal which in not in bijective correspondence with any lesser ordinal.

It will be shown in the next section that all sets are in bijective correspondence with an ordinal so this is a reasonable
way to view cardinality of sets in general. It will be useful to notice that all infinite cardinals are limit ordinals. We will
use the symbol Ny to denote the smallest infinite cardinal. This set is often used as a definition for the naturals numbers
(with 0) and its elements will be viewed as the natural numbers in this document.
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1.3 Infinite sets

In this section we will prove various theorems concerning infinite sets which will be used throughout this document.

Theorem 1.3.1 (Zorn’s Lemma). If (P, <) is a partially ordered set such that every chain has an upper bound, then P
has a mazimal element M, that is an element such that there is no x € P with x > M.

Proof. The following proof is based of the proofs of Lemma 3.3 and Theorem 4.2 in [11].

Suppose for a contradiction there is no maximal element. By the axiom of choice there is a choice function ¢ for P(P)\{0}.
Fora € Plet G, :={x € P:x > a}. For C C P, a chain, let G¢ := {z € P : z is an upper bound for C'}. As P has no
maximal element and every chain has an upper bound we have that these sets are non-empty.

We call a chain C' a c-chain if it satisfies the following:

1. C is well ordered by <,
2. If Cpy C C is an initial segment of C' with maximal element M then min(C\Cy) = ¢(Gpr),
3. If C,, C C is an initial segment of C' with no maximal element then min(C\C,) = ¢(G¢,).

Claim 1: If C7 # Cy are c-chains, and all initial segments of C7 are initial segments of Cs, then C; is an initial segment
of Cg.
Proof of Claim: If C; has a maximal element m then it follows from the definition of a c-chain that

m=min(Ci\{z € C1 : z <m}) = min(Co\{z € C1 : x <m}).

It follows that C7 = {z € Cy : x < min(C2\C1)} is an initial segment of Cy. If C; has no maximal element then it follows
that C7 C C5, as all elements of C; are contained in an initial segment bounded above by a greater element of C;. It
again follows that C; = {z € C2 : < min(C>\C1)} is an initial segment of Cy. O

Claim 2: If C7 # C5 are c-chains then one is an initial segment of the other.

Proof of Claim: Suppose that C5 is not an initial segment of C;. By Claim 1 it suffices to show that all initial segments
of 'y are initial segments of C5. Suppose for a contradiction that this is not the case. The initial segments of C; are
naturally well ordered by containment. There is therefore least initial segment I of C; which is not an initial segment of
Cs. As I is an initial segment of a c-chain we have that I is a c-chain. As I is the minimal initial segment of C; which is
not an initial segment of Cy we have that all initial segments of I are initial segments of Cs. It therefore follows by Claim
1 that I is an initial segment of Cy or Cs = I. Both of these cases are contradictions as I is not an initial segment of Co
by definition, and Cs is not an initial segment of Cy. [

Let S be the union of all c-chains of P. Note that for all elements x € S there exists a c-chain C}, such that z = max(C;).
This follows as x is contained in a c-chain, and if we restrict that c-chain to the elements less than or equal to z, then we
also have a c-chain. We will now show that S is a c-chain.

1. Let s,t € S and let Cs and C} be c-chains with s and ¢ maximal respectively. By Claim 2, we have that either
Cs C Cyor Cp C O, so either s < tort < s and therefore S is totally ordered. Let A C S be non-empty and let
t € A. Consider the set B := {& € A: x < t}. If B is empty then ¢ is minimal in A, otherwise if B has a least
element then A has a least element and so S is well ordered. All x € B are contained in a c-chain C, with z as
maximal element. If C, D C; it follows that ¢ < x, a contradiction, so we have C, C C; and thus B C C; so B has
a minimal element and S is well ordered.

2. Let Sy € S be an initial segment with maximal element M. Let s € S\Sy. It follows that there is a c-chain
Cs D Sp with maximal element s, and thus ¢(Gy ) =min{y € Cs :y ¢ {xr € Cs:x < M}} € S. As ¢(Gy) € Cs it
follows that ¢(Gas) < s but s was arbitrary so we have that min{x € S : x ¢ Sy} = ¢(Gyr) as required.

3. Let S, C S be an initial segment with no maximal element. Let s € S\S,,. Let Cs be a c-chain with s as its maximal
element. If x € S, it follows there is a c-chain with z maximal, which is an initial segment of Cs and thus xz € Cs.
So we have that S, C Cs C S. As C; is a c-chain it follows that ¢(Gg,) = min{y € Cs : y ¢ S, } € S and, as s was
arbitrary and s > ¢(Gg, ), we have that min{z € S:z ¢ C,} = ¢(Gg,).

Now we have that S is a c-chain and there is no greater c-chain than S by definition. However if S has a maximal element
M then S U {c(Gpr)} is a strictly greater c-chain and if S has no maximal element we have that S U {¢(Gg)} is a strictly
greater c-chain so we have reached a contradiction. O

Theorem 1.3.2. Every set A is well orderable.

Proof. The following proof is based of the proof of the same Theorem given in [10].
Let A, :={(5,<): S C A, <is a well ordering of S}. Let A, be partially ordered by

(51,<1) < (52,<9) < (51 C Sy and <3 |s, =<; and for all z; € S7,z2 € S5\S1 we have z1 <5 ).
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Let C' C A, be a chain. We claim that the tuple
(Sc,<¢)=({ae A:a €S for some (S,<) € O}, {(a1,a2) € A x A:ay <ay for some (5,<) € C})

is an upper bound for C. Given any two elements z,y € S¢ there is a well ordered set containing both = and y (each
is contained in an element of C so take the larger of these elements). So we have one of x <¢ y or x >¢ y. Finally, if
D C S¢ is non-empty then there exists (S, <) € C such that SN D # . It follows that min(S N D) is minimal in D, as
by the definition of the ordering on A, we have all elements of D\S are greater than it. So we have that (S¢, <¢) € A,.
By construction we also have that it is greater then all elements of C.

By Zorn’s Lemma, A, has a maximal element (X, <,). If X # A then there is an element a € A\X. Therefore we have
that (X U{a}, <, U{(z,a) : z € X U{a}} > (X, <), a contradiction. So we must have that A = X, and is well ordered
by <. O

Theorem 1.3.3. Every well ordered set (S, <) is order isomorphic to an ordinal.

Proof. For x € S, let I, := {y € S : y < z}. Note that the initial segments of S are well ordered by I, < I, < z <y.
Suppose for a contradiction that there are initial segments of S which are not order isomorphic to an ordinal. Let I, be
the minimal such initial segment. As ordinals are only order isomorphic if they are equal, it follows that for all I, < I,
there is a unique ordinal a, order isomorphic to I,. By the axiom of replacement it follows that «,, := {a, : ¢ < m} is
a well-defined set. Let ¢ : I,, = «,, be defined by ¢(x) = «,. We have that ¢ is injective as different initial segments
can’t be order isomorphic and it is surjective by the definition of «,. It must also preserve order as the initial segments
are initial segments of each other and thus the order isomorphisms are extensions of each other. Let a € ay € ayy,, let
¥ : I, — a, be an order isomorphism. It follows that ¥|; (1 is an order isomorphism between o and an initial segment
of S, so a € a,,,. We now have that ., is a transitive set of ordinals and is thus an ordinal. In addition ¢ is an order
isomorphism from I,,, to a,,, so we have contradicted the definition of I,,.

We now have that all initial segments of S are order isomorphic to an ordinal. Therefore we can apply the same reasoning
we did to I, to conclude that S is order isomorphic to an ordinal as required. O

By the previous two theorems we now have that for every set, there exists an ordinal in bijective correspandance with
it. Thus we may now safely assign cardinals to any set. If S is a set we will use the notation |S| to denote its cardinality
(the unique cardinal in bijective correspondence with it). For cardinals o and 3, we now define the standard cardinal
operations.

a+B:=aUpl, af:=laxpf, o=’

Theorem 1.3.4. If Q is an infinite set, then || = 2|Q)|.

Proof. Without loss of generality we may assume that 2 is a cardinal. Let ¢ : Q — QU Q be defined by

(2)6 = (a+ (k/2),0) if x = a+ k for a limit ordinal « and k € X even
"] (a+((k—=1)/2),1) ifx =a+k for a limit ordinal @ and k € Rg odd [~
We have that ¢ is a bijection and therefore |Q| = |Q U Q| = 2|Q]. O

Corollary 1.3.5. If Q) is an infinite set, then it has moiety subsets.
Theorem 1.3.6. If Q is an infinite set, then |Q| = |Q2.

Proof. Without loss of generality we can assume {2 is a cardinal. Let Q, := {(S,¢) : S C Q is infinite, ¢ : S —
S x S is a bijection}. Let €, be partially ordered by: (S1,¢1) < (S2,¢2) <= S; €S2 and ¢2|s, = ¢1. Note that Q, is
non-empty as there is a bijection from Ry to Ny x Ng.

Let ((S;, ¢i))ier be a chain, where I is an index set. Let ¢y : UjerS; = UierSi X UierS; be defined by

(z)pu = (z)¢; for x € S;.

This is a well-defined bijection as the bijections agree whenever they are defined. Therefore (|J;c; Si, ¢v) is an upper
bound for our chain.

By Zorn’s Lemma, 2, has a maximal element (X, ¢,). If | X| = || then we are done as there are bijections from € to X
and 2 x Q to X x X. Suppose for a contradiction that |X| < |Q]. It follows that |X| < |X¢| and so there exists X' C X°¢
such that

IX|=1X'= X' xX|=3X'xX'|=|X'x X'+ [ X' x X|+ X x X'| = (X' x X)U (X' x X)U (X x X')|.
Let ¢ : X' — (X' x X")U (X' x X)U (X x X') be a bijection. By adjoining the functions ¢, and ¢/, we can construct a
bijection ¢ : X UX’' — (X UX') x (X UX’). We therefore have that (X, ¢,) < (X U X', ¢7) a contradiction. O
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Theorem 1.3.7. An infinite symmetric group Sym(Q) has cardinality 2!¢!,

Proof. Let S be a subset of Q. If S is finite, then there exists a bijection ¢ : S — {0,1,2,...(n — 1)} for some n € N.
We can construct a bijection fg: 2 — Q as follows:

((x)¢ +1 mod n)p~* zeS }

x otherwise

() fs = {

If S is infinite then we can construct a partition {M;, Ma} of S such that My, My are moieties of S. There exists a
bijection ¢ : M7 — Ms so we can construct a bijection fg : Q2 — € as follows:

(7)o r € M
(@)fs =% (¥)¢p~' =z My
T otherwise

For |S| > 2 we have supp(fs) = S and therefore the fg are all distinct.
217 = 219 10| = [P\{{0} U {{z} : x € Q}}] < [Sym(Q)] < [QF] < |(2171)11] = |219xa| = 211,

Therefore we have that | Sym(Q)| = 2/, O

1.4 Ultrafilters

In this section we will prove various facts about ultrafilters which will be needed in the first section of chapter 4.
Definition 1.4.1 Given a set €2, a filter on € is defined to be a collection of subsets F' of {2 satisfying:

1. We have Q € F,

2. For all A,B € F we have ANB € F,

3. fACBCQand A€ F then BeF.

Example 1.4.2 If Q is a set then the following are filters on (.
1. The set {Q}.
2. The set P(Q).
3. The set {X C Q:|Q\X| < x}, where & is any infinite cardinal.
4. The set {X C Q:S5 C X}, where S is any subset of Q.
Definition 1.4.3 Given a set 2, an ultrafilter on 2 is defined to be a filter &/ on 2 satisfying:
1. The empty set is not an element of U,
2. There is no filter U’ such that U C U’ C P(Q).
Example 1.4.4 If Qis aset and x € Q then {X C Q:x € X} is an ultrafilter on Q.
Theorem 1.4.5. Let Q be a set, let S C Q and let U be an ultrafilter on Q. Then precisely one of S and S€ is inU.

Proof. If we had that both S and S¢ were in U then S NS¢ = () would also be in U, a contradiction. Suppose for a
contradiction that neither S nor S¢ are in Y. Let V be defined as follows:

V:={VCQ:V2SNU for some U €U}
We will now show that V is a filter, contradicting condition 2 for ultrafilters.
1. As U is a filter, we have Q) € U and therefore as 2 O QN S it follows that 2 € V.

2. If AD A'NS for some A’ € Y and B D B'NS for some B' €U, then ANBDANB NSandas A/ NB €U it
follows that AN B € V.

3. If BD A for some A€V then A D A'NS for some A’ € U. We have that B D A’ NS as well and therefore B € V.
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We therefore have that V is a filter. We have that S D QNS so S € V. In addition for all U € Y we have U D UNS. So
uchy.

It now suffices to show that V C P(Q). Suppose for a contradiction that V = P(Q2). It follows that } € V andso® D UNS
for some U € U. We therefore have that § = U NS and so U C 5S¢ and S¢ € U, a contradiction. O

Theorem 1.4.6. Ultrafilters on an infinite set , which have the same moiety elements are equal.

Proof. Let Uy and Us be ultrafilters with the same moiety elements and let U € U;. If U is the superset of some moiety
then U is also in Us. If not then |Q\U| = |Q| and we can therefore construct disjoint moieties M; and M such that
My UMy = Q\U. It therefore follows that M; UU and My U U are moieties and elements of ;. So we also have that
M, UU and M, U U are elements of Us and therefore their intersection U is in . We therefore have that U; C Us and
by symmetry Us C U, so Uy = Us as required. O

Definition 1.4.7 We say that a set .S has the finite intersection property if for all finite non-empty subsets {s1,s2...5,}
of S, we have s1 Nsy Ns3...s, # 0.

Theorem 1.4.8 (Ultrafilter Lemma). Let Q be a set and let S be a non-empty collection of subsets of Q0 with the finite
intersection property. Then there is an ultrafilter U on Q such that S CU.

Proof. The following proof is based on the proof of Theorem 1.8 in [8].

Let S C P(Q) be a non-empty set with the finite intersection property. Let F(S) denote the set of all filters which contain
S and do not have the empty set as an element. The set F(S) is partially ordered by C. If F(S) has a maximal element
then this element must be an ultrafilter, therefore by Zorn’s Lemma it suffices to show that every chain of F(S) has an
upper bound.

Consider the set Vo :={U CQ:U D (s1NsaNs3...Ns,) for some s1,59...5, € S}.

1. We have 2 € V) as S is non-empty and all elements of S are subsets of 2.

2. f A,B e Vythen AD (s1Nsy...Nsy,) and B C (Sp41 N Spga...N Sy,) for some s1,82...8, € S. It follows that
ANBD (s1Nsa...NSy) and thus AN B € V.

3. fAeVyand AC B C Q, then AD (s1Nsy...Nsy,) for some s1,52...8, € S. Thus B D (s1Nsa...MNSy,) SO
B e V.

We therefore have that Vj is a filter. By definition S C Vj. As S has the finite intersection property it follows that () ¢ Vj.
We now have Vj € F(S), so Vj is an upper bound for the empty chain.
Let (F})ier be a non-empty chain of F'(S), where I is an index set. Consider the set Vi := J,_,, Fi-

1. As the non-empty union of filters Q € V;.

2. Let Uy,Uz € Vi, then Uy € F;, for some i3 and Uz € F;, for some iy and therefore Uy, Us € max{F;,, F;,}. So
Ui nNnU; € max{Fil,FiQ} c V.

3. Let U; € V1 and let Uy D Uy, then Uy € F; for some i and therefore Us € F; so we have Uy € V.

It follows that V; is a filter. As a non-empty union of elements of F'(S) we have also that S C V7 and ) ¢ V; so we have
V1 € F(S). By construction Vi D F; for all ¢ € I and thus is an upper bound as required. O

Definition 1.4.9 Let Q and S be sets and L C S. We say that L has large oscillation if the following condition
is satisfied: If n € N and {f1, fo... fu} C L are distinct and {s1, $2,83...5,} C S then there exists w €  such that
(w)fi = s; for all i < n.

Theorem 1.4.10. Let Q be an infinite set. Then there exists L C {0,1}? such that |L| = 2/l and L has large oscillation.

Proof. The following proof is based on the proof of Theorem 2.2 in [8].
Let Q' be defined by
Q' = {(s,8,0) : s C |Q] is finite, S C P(s),¢ € {0,1}°}.

As s is finite we have that P(P(s)) is finite, S is finite and {0, 1} is finite. It follows that || = || as we have |2| choices
for s and finitely many choices for S and ¢. We may therefore assume without loss of generality that Q = Q' as |Q] = |€V/|
and Q" would give the exact same set as €'.

Let f: P(|]) — {0,1}% be defined by (X)f = fs where fs : Q — {0, 1} is defined by

[ (Ens)é Tnses
(8757¢)f2—{ 0 EﬂsgﬁS }
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Let L := img(f). To show that |L| = 2/l it suffices to show that f is injective as |P(Q)| = 2%, Let 1,5, € P(|Q])
be distinct. Without loss of generality we have ¥1\X3 # 0. Let x € ¥1\Xs. Let s := {z}, S := {s} and ¢ be such that
(s)¢ =1 then

(5,9,9)fn, = (Z1N8)p = (5)p =1#0=(0)p = (sNX2)¢ = (5,5, ) fs,.

It follows that (X1)f # (32)f and thus f is injective.

It remains to show that L has large oscillation. Let n € N, {fa,, : m < n} C L be distinct and {k,, : m < n} C {0,1}.
For each (m1,ms) such that m; < ma < nlet am, my € Amy DAm,.

Let s := {am, my : M1 <mg <n}, S:={A4A, Ns:m < n}andlet ¢: S — {0,1} be defined by (A, Ns)p = k..

To see that ¢ is well-defined (that no elements of S can be represented as above in two ways) observe that if A,,, # A,
then am, m, € Am, AAy,, and so is in precisely one of s N A,,, and s N Ay,,.

We have that (s, S, ¢) € Q and for all m < n we have (s,S,¢)fa, = (sN An)d = ky, as required. O

Theorem 1.4.11. For all infinite sets Q) there are 92! ultrafilters on €.

Proof. The following proof is based on the proof of Theorem 2.5 in [8].

Let 2 be an infinite set. We have that any ultrafilter on € is an element of P(P(Q2)) and therefore there are at most
|P(P(Q))| = 22" 6f them. To show there are at least 22" we will construct such a family of ultrafilters.

By Theorem 1.4.10 let L C {0, 1} be a family of large oscillation such that |L| = 2/’l. For S € P(L) we define B(S) by

B(S) = {({o)f ™" - feSTU{({1Nf": fe s,

where f~! is used to denote preimage. Let By, Ba...Bj € B(S) then it follows that for i € {1,2,...k} we have
B; = (bi)ffl for some f1, fo... fr € L and by,bs...b; € {0,1}. As L has large oscillation it follows that for some w € €,
(w)fi = bi for all i € {1,2...k}, and therefore w € (;c¢q 5 4y Bi- Therefore B(S) has the finite intersection property.
By the Ultrafilter Lemma we have that for every S € P(L) we can extend B(S) to an ultrafilter U(S).

Suppose for a contradiction that there exist distinct Sy, Se, € P(L) such that U(S1) = U(S2). Then without loss of
generality there exists f € S1\S2. We have that ({0})f~ € U(S1) is the complement of ({1})f~1 € U(S2). So because
U(S1) = U(S2) we have that ({0})f~1 N ({1})f~! =0 € U(S1), a contradiction. It follows that U(S) for S € P(L) are
distinct ultrafilters and there is |P(L)| = 22! of them as required. O

This theorem gives an interesting corollary, that for any infinite set 2, there are 92" topologies on 2. This follows as
filters can be extended to topologies by adding the empty set.
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Chapter 2

Topological Groups and Commutators

In this chapter we will be primarily focusing on Sym(N). We will be viewing this group as a topological group and will
use its topological properties to show that all its elements can be written as commutators. We will then generalise this
property to all infinite symmetric groups.

2.1 Infinite Permutations

Theorem 2.1.1. If Q is an infinite set and f,g € Sym(Q2), then f and g are conjugate if and only if they have the same
disjoint cycle shape.

Proof. («<=) Let Cy,; be the set of i-cycles of f and similarly Cj; be the set of i-cycles of g. We have that |Cy ;| = |Cy ;]
for all i € No U {Ro}. Label their elements such that

Cri ={Ct,i,j 1 3 €1Crl}, Cgi ={Cy,i,j 1 7 € |Cgl}

Let Oﬁi,j = (Cf,z',j,oa Of%j’l, o Cf,i,j,i—l) if 4 75 NO and Cf,iJ' = ( . .Of%j’_l, Cfﬂ',j’o, Cf,i7j,1 . ) otherwise. Similarly
let Cg,i,j = (Cg,i,j,Oa Cg,i,j,l ‘e Cg,i,j,i—l) if ¢ 7é NO and Cg,i,j = ( . Cg,i,j,—lv Cg,i,j,(), Cg,i,j.,l . ) otherwise. Note that the
domains of the disjoint cycles of f or g partition 2. We can therefore define a bijection h : Q@ = Q by (Cf; k)b = (Cyijk)-
We now have that f = hgh™! as required.

(=) Suppose that h=tgh = f for some h € Sym(Q). Let C¢ := (...c_1,co,¢1...) be a cycle of f, we have h=*Cth =
(... (c—1)h, (co)h, (c1)h...). Similarly if C¢ = (c1...cx) is a cycle of f. we have h™*C¢h = ((c1)h, (c2)h ... (ck)h).

We therefore have that all disjoint cycles in f have a unique corresponding cycle in g and therefore g has the same number
of cycles of each length as f and so g has the same disjoint cycle shape as f. O

The desired result for this chapter will take some time to prove, however there is a similar weaker result which can be
shown with relatively little effort. In addition this proof gives us a way to construct the elements that we are commutating.

Theorem 2.1.2. If f € Sym(Ny) and f has finite support, then f can be written in the form
f=lg;hl =g "h""gh
where g, h € Sym(Np).

Proof. As f has finite support we have that there exists k € Ny such that (i)f = i for all ¢ > k. For n € Ny we define
gn € Ng and r, € {0,1...2k — 1} by the expression n = 2kq,, + r,, (quotient and remainder when dividing by 2k).
Let g, h € Sym(Np) be defined as follows:

1 n—k k<n<2k
(n)g = { ian i oth;n:wj'slz } ’ (n)h = n+ 2k <K
n—2k r,>k and ¢, >0

Note that g, h have the following inverses and are therefore bijections:

n+k n<k

(n)g~" = 2qnk + () f "n < K , mht=<{ n-2k r,<k and ¢, >0
n otherwise

n+ 2k rn >k

We now show that f = [g, h].
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Case 1: n < k Case 2: g, >0 and r, < k Case 3: k<r,

(n)lg, h] = (Mg~ )h™)g)h (n)lg, h] = (Mg~ )h™)g)h (n)g,h] = (((n)g~" ) )g)h
= ((((rn)g~H )P H)g)h = ((((2gnk +70)g~ R Hg)h = (((n)h~)g)h
= (((rn) f + k)g)h = (((2qnk + (rn) )R g)h = ((n+2k)g)h
= ((ra)f + k) = ((2(gn — Dk + (rn) f)g)h = (n+2k)h
= (rn)f = (n)f. = 2¢,k + 71, =n=(n)f. =n=(n)f.

2.2 Constructing a Topology on an Infinite Symmetric Group

In this section we will be constructing a completely metrisable topology on Sym(N), by first constructing one on the full
transformation monoid and then considering the subspace topology. In doing this we will use the more general results
concerning topologies and metric spaces given in the previous chapter.

Definition 2.2.1 The countably infinite product of the discrete topology on N will be denoted by 7. This topology is
defined on the set NN. The following notations will also be used:

NN:={s:{1,2...n} - N:neN}, (0] == {f € NV flaom(o) = o}, B:={[o] : 0 e N<N}.
Theorem 2.2.2. The set B above is a basis for .

Proof. We have that B, :={U; xUs... x Uy x NxNx...: k€N, U; CN forallie {1,2...k}} is a basis for 7 by
the definition of an infinite product topology.
As B C B, it suffices to show that for all U € B, there exists Gy C B such that U = UGy. Let U be given by

U=U; xUs... xUp,xNxNx...

Let Gy :={[o] € B : dom(c) = {1,2...k} and for all ¢ € dom(o) we have (i)o € U;}. We now show that U = UGy .

(€) Let f € U. We have that (i)f € U; for all i € {1,2...k}. So if we let oy := fl{12.4} € N<N, we have that
felof] € Gy so f e UGy.

(D) Let f € UGy. There exists [o7] € Gy such that f € [oy]. It follows that (i)f = (i)oy € U; for all i € {1,2...k} so
feU. O

Theorem 2.2.3. Ifd: NN x NY — R is defined by

0 f=g
d(f’ g) = { 1 }
mm{eN (g | 79

then the tuple (NN, d) is a complete metric space which induces the topology .7, and thus .7 is completely metrisable.

Proof. We first show that d is a metric. The non-negativity, identity of indiscernibles and symmetry conditions follow
immediately from the definition.

Triangle inequality: Let f,g,h € NY. First notice that if j = min{i € N : (4)f # (i)h} then either (j)f # (j)g or
(7)g # (j)h. Tt therefore follows that

min{i € N: (43)f # ({)h} > min{i € N: (¢)f # (i)g or (i)g # (1)h} = min{min{i € N : (i) f # (i)g}, min{i € N : (i)g # (i)h}}
1 1 1
= agm = M) da ) T s dr o) dlo, )Y
= d(f,h) <max{d(f,g),d(g,h)} < d(f,g)+d(g,h).

> min{

We next show that (NV,d) is complete.
Let S := (f1, f2, f3...) be a Cauchy sequence.
Claim: for all i € N there is a minimal M; € N such that for all j € {1,2...4} and all n > M;

Proof of Claim: Let i € N. As S is Cauchy we have that for all € > 0 there exists an N € N such that for all n,m > N we
have d(f,, fm) < €. By choosing ¢ = 1-1%1 we have that for all ¢ € N, there exists N; such that for all n,m > N; we have

A(fry fm) < H%l Tt follows that d(fn,, fn) < Z_%l for all n > N;, and so (j)fn, = (§)fn for all n > N; and j € {1,2...4}.
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As there exists a natural number N; with the desired property and the natural numbers are well ordered there must exist
a minimal such number M; with this property. [

Define [ : N — N by (i)l = (¢) far,. It suffices to show that S converges to [. We have from the definition of M; that
for all i € N we have M; < M. For all i € N we have M; < M;1, so for all i € N we have (i) far,,, = (i) far,. It follows
that for all j > i we have (i) far, = (i) fa; -

For all n > M; and all j € {1,2...i} we have (j)l = (j)fam, = (j)fs, = (j)fn and therefore d(l, f,) < 1.

We have just shown that for all i € N there exists M; € N such that for all n > M, we have d(I, f,,) < %, so S
converges to [ as required. Finally we show that .7 is induced by d. By definition, the topology induced by d is given by
({{geNV:d(g,f) <e}: feNY e>0})r. We have that

(g €NV :d(g, f) < e} : feNY e >0} )r = ({{g € NV : (i)g :(i)fforallie{l,Q...(%]—1)}}:feNN,s>O}>T

(
={{geNV:(jlg=()f forall j € {1,2...i}}: fe NV ie N}
= ({{g e NV (j)g = (j)o for all j € dom(c)}:0 € NN,

= ({{g € NV : glaom(o) =0} : 0 e N}
= ({lo]: 0 € N<N}>T =7.

Theorem 2.2.4. The infinite symmetric group Sym(N) is a Gs subset of (NN, 7).
Proof. Let I denote the set of all injective functions from N to N. We have that

I'={{geN":(i)g # (j)g}-
i#]
We now show that for all i # j we have {g € N : (i)g # (j)g} is open. Let 4,5 € N be such that i # j, and
let ¢ € NY be such that (i)g # (j)g. For h € B(g, Zﬂ) we have that (i)h = (i)g # (j)g = (j)h. Tt follows that

(
B(g, %) C{geNV:(i)g # (j)g}. As g was arbitrary it follows that {g € NV : (i)g # (j)g} is open.
Let S denote the set of all surjective functions from N to N. We have that

S=(){geN": ke img(g)}.

keN
We now show that for all & € N, the set {g € NV : k € img(g)} is open. Let k € N and let g be such that k € img(g). Let
kg € N be such that (k,)g = k. It follows that for h € B(g, ﬁ), we have (k,)h = (kg)g = k and thus h € {ge NV : k €
img(g)}. Therefore B(g, ﬁ) C{geNV:kcimg(g)}. As g was arbitrary it follows that {g € NV : k € img(g)} is open.

We now have S and I as a countable intersection of open sets. It follows that Sym(N) = I N S is a countable intersection
of open sets as required. O

Theorem 2.2.5. Let .7, be the subspace topology of Sym(N) in (NN,.7). The topological space (Sym(N), .7;) is completely
metrisable.

Proof. By Theorems 1.1.1, 2.2.4 and 1.1.4 we have that (NY, .7) is completely metrisable, Sym(N) is G5 in (NV,.7) and
G sets of a completely metrisable topology equipped with the subspace topology are completely metrisable. It therefore
follows that (Sym(N), .7;) is completely metrisable. O

Theorem 2.2.6. The triple (Sym(N), o, F) is a topological group (where o represents composition of functions).

Proof. For 0 € N<Nlet [0], := {f € Sym(N) : flqom(s) = 0}. As B is a basis for .7 we have that B, := {bNSym(N) : b €
B} = {[o]s : 0 € N<N} is a basis for ;. Let ¢; : Sym(N) — Sym(N) be defined by (f)¢; = f~!. If suffices to show that
(b)o~! and (b)¢; ' = (b)¢; are open for all b € B,.

Let b = [0]s € B, and let dom(o) := {1,2...k}. We have

(frg) € (b)o ™t = fgeb=[o]s = ((i)f)g= (i)o foralliec {1,2...k}.

Let Uy,g4 := [f|{1,2.4.k}]s X [g|{1,2...max{(i)f:iE{l,Z...k}}}]s~ We have that (f,g) € Uy,g and Uy 4 is open.
Let (f2,92) € Uy g.
((1)f2)ga = ((i)f)ge forallie {1,2...k} (as falq12..0y = fl{r2..k})

((4)f2)g2 = ((i)f)g forallic {1,2...k} (as go|{1,2...max{(i) frie{1.2...k}}} = 9l{1,2... max{(s) f:i€{1,2...k}}})
((i)f2)g2 = (i)o for alli € {1,2...k} = dom(o)

= (f2,92) € (Jo]s)o = (b)o™".

=
—
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So we have that for all (f,g) € (b)o~! there is an open set Uy , such that (f,g) € Uy, C (b)o~! and therefore (b)o~! is
open and o is continuous.

fe®p = flrelols = @)f ' =(i)o forallic{1,2...k} = i=((i)o)f forallic{1,2...k}.
Let Uy := [f]{1,2... max(img(e))}]s- We have that f € Uy and Uy is open. It therefore suffices to show that Uy C (b)¢;. Let
f2 S Uf.

(i)o)f forallie {1,2...k} (as fa|{1,2... max(ime(o))} = fl{1,2... max(img(o))})
fo=1i forallie{1,2...k}

= (i)o=(i)f;, " foralliec{1,2...k}
e o]

((D)o)f2 =

2.3 Comeagre Conjugacy Class

For the rest of this chapter we will construct a comeagre conjugacy class of Sym(N) and use it, with the Baire Catagory
Theorem, to show the desired result that all elements of Sym(N) are commutators.
Definition 2.3.1 Let the conjugacy class C' be defined by

C :={f € Sym(N) : f has infinitely many cycles of every finite length but has no cycles of infinite length}.

Note that this actually is a conjugacy class by Theorem 2.1.1.

Theorem 2.3.2. Let I := (i1,1i2,...i5) and N := (n1,na,...ny) be finite sequences of natural numbers with no repeats.
There exists o € Sym(N) and r > 0 such that (n;)f =1i; for all f € B(o,r) and for all j € {1,2...k}.

Proof. As both I and N are finite, we have that |N\7| = |N| = |[N\NN|. Therefore there exists a bijection ¢ : N\N — N\I.
Let 0 : N — N be given by

(n)a:{ij if n =n; for some j € {1,2,...k} }

(n)g otherwise
By construction ¢ € Sym(N). Let r := ma}}(N) and f € B(o,r).
1 1 1
dlo,f) < max(N) - min({n € N: (n)o # (n)f}) < max(N)

= max(N) <min({n € N: (n)o # (n)f})
= (n;)f = (n;)o for all j € {1,2,...k}
= (n;)f =1i; forall j € {1,2,...k}.

O
Theorem 2.3.3. The sets Cy; defined by
C1, ={f € Sym(N) : f has a cycle of infinite length with i in its domain}
are nowhere dense for all i € N
Proof. Let i € N, g € Sym(N), r; > 0 and g, = g|{172m((%]71)}. We have B(g,r1) = {f € Sym(N) : f|{1,2“.((ﬁ171)} =
I%T;-Theorem 1.1.6 it suffices to find o € Sym(N) and r > 0 such that B(o,r) C B(g,7m1)\C1,.
my = min{j € No : (i)¢’ ¢ dom(g,)},  mo:=min{j € No: (i)g~7 ¢ img(g,)}.
Note that if m; and mo don’t exist then B(g,r1) C B(g,71)\C1,; and we are done.
By Theorem 2.3.2 let o be a bijection satisfying
(J)o = (j)g for all j € dom(g,), ((1)g™)o = (i)g~™

and let 7 > 0 be such that for all f € B(o,r) we have

(4)o = (j)f for all j € dom(g,), ((1)g™ o = ((1)g™)f-
We now have that |orbgsy(i)| < my +mg < oo for all f € B(o,r), and therefore f ¢ C1 ;. So B(o,r) C B(g,71)\C1,i as
required. O
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Theorem 2.3.4. The sets Co; ; defined by
Cs:; ={f € Sym(N) : f has i cycles of length j}
are nowhere dense for all i € Ny and j € N.

Proof. Let i € Ng and j € N. Let g € Sym(N), 71 > 0 and g, := g|1 5 (;17-1);- We have B(g,71) = {f € Sym(N) :

fly2..(r21-1)y = 9r}- By Theorem 1.1.6 it suffices to find o € Sym(N) and r > 0 such that B(o,r) C B(g,r1)\Ca,; ;-
20 ([ ,

Let m := max(dom(g,) Uimg(g,)) + 1. By Theorem 2.3.2 let o € Sym(N) be such that

(k)o = (k)g for all k € dom(g,)
(m+1o=(m+2),(m+2)o=(m+3)...(m+j)o=(m+1),
(m+j+o=m+7+2)...,(m+2j)o=(m+j+1),
(m+2j+lo=(m+2j+2)...,(m+3j)o = (m+2j+1),

(m+ij+1l)o=(m+ij+2)...(m+(i+1)j)o=(m+ij+1)
and let 7 > 0 be such that for all f € B(o,r) we have
(k)f=(k)o forallke{1,2...(m+(i+1)j5)}.

All f € B(o,r) have at least (i + 1) cycles of length j and therefore f ¢ C5, ;. However B(o,r) C B(x1,r1) so we have
B(o,r) C B(x1,71)\Ca,;,; as required. a

Theorem 2.3.5. The conjugacy class C' is comeagre.

Proof. Let Cy and Cy be defined by:
Cy :={f € Sym(N) : f has a cycle of infinite length}, Cs:= {f € Sym(N) : f has finitly many cycles of some finite length }.

Let C3; be defined by
Cs,; = {f € Sym(N) : f has i cycles of some finite length }.

Notice that we now have the following equalities:
cc=CLuUQCy,, Ci= U Chi, Co= U Cyi,  Coy= U Caij-
i€N i€Ng jeN
We therefore have that
cCe=CLuly = (U Cl,i) U ( U 02’2‘) = (U Cl,i) @] ( U ( U 02’2‘7]‘)).
ieN ieNg ieN ieNy jeN

By Theorems 2.3.3 and 2.3.4 we have that all the C;; and Cs; ; are nowhere dense. Thus C° is a countable union of
nowhere dense sets and is therefore meagre. O

Theorem 2.3.6. We have CC = Sym(N) and in particular all functions f € Sym(N) can be written in the form
f=1lg,h] =97 'n " gh
where g, h € Sym(N).

Proof. Let f € Sym(N). By Theorems 2.3.5 and 1.1.9, we have that C is comeagre, and right multiplication by f is a
homeomorphism. As homomorphisms preserve closures, interiors and unions it follows that (C)f is comeagre. Therefore
there exist nowhere dense sets (N1 ;)ien and (Na;)ien such that C¢ = U;enNy; and ((C) f)¢ = UsjenN2 ;. It follows that
(C)fNC)° = Ujen(N1,; UNa ;) and so (C)f NC is comeagre. So by the Baire Catagory Theorem we have C'N (C)f # 0.
For z € CN(C)f, there exist fi, fo € C such that f; =z = fof. It follows that f = f2_1f1. We have that C' is closed
under taking inverses as the disjoint cycles of the inverse of a permutation are the same but reversed.
It therefore follows that f5 L is conjugate to fa, so fa 1€ C. Therefore we have that f = fa recce.
As f1, fa € C we have that there exists h € Sym(N) such that f; = h=!foh. Let g := fo, we now have

lg,h] =g 'htgh = fy 'h  foh = f3 ' f1 = f.
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We now have that every element of Sym(N) is a commutator. It remains to show for any infinite set 2 that any element
of Sym(2) can be written as a commutator.

Theorem 2.3.7. Let Q be an infinite set. Then all functions f € Sym(§2) can be written in the form:
f=lg,h=g""h""gh
where g, h € Sym(Q). In addition the conjugacy class
Cq :={f € Sym(Q) : f has |Q| cycles of every finite length and no cycles of infinite length}
satisfies CoCq = Sym(Q2).

Proof. If |Q] = Ry then we are done by Theorem 2.3.6. Otherwise let f € Sym(f2). For any point p € Q we have that
|orby sy (p)| is countable. Let Py be the partition of  into the orbits of points under f. We must have that |Pi| = [Q] as
if |P1| > |©2] we would have that | U P;| > |Q| = | U Py|, and if |P;| < |Q] then |U P;| < |Py| x g < max{|P1|?,Ro} =

max{|P1],Ro} < |Q] = |U P1|. We can therefore index P; as P; = {S; : ¢ € |Q|}. Define an equivalence relation by
S;i~8; <= i=a+aand j = a+ b for some a,b € Ny and limit ordinal «.
Let P, be the partition of P; into equivalence classes by this relation. For the same reasons as P; we have that |Ps| = |9].

Let P := {Uzx : ¢ € P»}. We therefore have that P = {P; : i € |Q|} is a partition of £ into countably infinite sets such
that for all p € Q we have that p € P, <= (p)f € P;. We can therefore consider f as an element of Hie\ﬂl Sym(P;). As
each P; is countably infinite it follows from Theorem 2.3.6 that, for all ¢ € ||, the permutation f|p, can be written as
f1:f2; for some fi;, f2;, € Sym(P;) with infinitely many cycles of all finite lengths and none of infinite length. From these
we can define f1, fo by:

(p)f1 := (p)f1; were i is the index of the unique P; containing p,

(p) f2 := (p) f2; were ¢ is the index of the unique P; containing p.

We have that f|p, = fi1f2|p, for all i € |Q] and thus fif2 = f. By the construction of f; and fs, they have || x Rg = |Q]
cycles of all finite lengths and || x 0 = 0 cycles of infinite length so fi, fo € Cq and f € CqCq. It remains to show that
f is a commutator. As fi, fo € Cq it follows that there exists h € Sym(Q) such that h='f;'h = fo. Let g := f; ' We
now have

lg,h) =g 'hlgh = fih ' fih = fifa= f.
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Chapter 3

Generating the Infinite Symmetric Groups

In this chapter we will look at various ways of generating infinite symmetric groups.

3.1 The Bergman Property

Definition 3.1.1 A semigroup S is said to have the Bergman Property if, for all U C S such that (U)g = 5, there exists
a natural number n such that |J_, U’ = S.

An equivalent way to view this concept is that the semigroup’s Cayley graph will always have bounded diameter. Note
that all finite semigroups have the semigroup Bergman Property. In this section we will show that given an infinite set 2
the group Sym(2) has the Bergman Property. This is an unusual property among infinite semigroups.

Example 3.1.2 For S € {(N,4),(Z,4),(Q,+), (R, +), (C,+), (Q\{0}, x), (R\{0}, x), (C\{0}, x)} there exists U C S
such that (U)s = S and |JI_, U* # S for all n € N. So these semigroups don’t have the Bergman Property.

This can be seen by taking U to be B(0,2) N S.
Theorem 3.1.3. Let Q be an infinite set and let {A, B,C} be a partition of Q into moieties of 2. Then we have

Sym(Q2) = Pstab(A) Pstab(B) Pstab(A4) U Pstab(B) Pstab(A) Pstab(B).

Proof. The following proof is based on the proof of Lemma 2.1 found in [3].

Let f € Sym(Q).

Case 1: |Q| = |C\((A)f~1)|. The diagram below demonstrates the idea behind how to construct f as such a product.
The colours demonstrating where points are as the permutations are applied, and the labelled regions saying where they
originated.

A B C A B C A B C A B C
okt b2 ¢3'15

As |Q] = [C\((A)f~1)], it follows that || = |C| = |(BUC)fNC| = |(BUC)fN(BUC)|. Let {M;, Ms} be a partition
of C into moieties and let M5 C My be such that [Mj}| = [(CUB) N Af~!. Let by : (CUB)NAf~' — M} and
by : (CUB)N(CUB)f~! — (CU B)\M)} be bijections. Let ¢1 : 2 — Q be defined by

T reA
()p1 =< (2)by re(CUB)NAf!
(x)by z€(CUB)N(CUB)f!
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Let by : My U (Ma\MJ3) U (A\Af~1) — C be a bijection (note this must exist as |C| = |[M;| = |Q]). Let ¢ : Q — Q be
defined by

T reB
(2) s = Ex%lgg y x € My U (Ma\M}) U (A\Af]_\;)
z)b] x € M}
(x)f xe AN(Af)

We have that ¢; € Pstab(A) and ¢o € Pstab(B). In addition f~'¢;¢s is a bijection which fixes A pointwise so
[~ 1p12 € Pstab(A). So there exists ¢3 € Pstab(A) such that f~1¢;¢2 = ¢3. It therefore follows that f = ¢1¢ags' €
Pstab(A) Pstab(B) Pstab(A) as required.

Case 2: If || = |C\((B)f~1)|, we similarly conclude that f € Pstab(B) Pstab(A) Pstab(B).

As C = (C\Af~H) U (C\Bf™!) and |C] = || we must be in one of these cases and thus the proof is complete. O

Definition 3.1.4 A semigroup S is said to be quasi-bounded if it satisfies the following:
Every function % : S — N such that there is some constant Cy, € N satisfying

(st) < (s)p+ (t)Y+Cy forall s,t €S
is bounded above.

Theorem 3.1.5. Let S be a quasi-bounded semigroup. Then S also satisfies the semigroup Bergman property.

Proof. Let U C S be such that (U)s = S. Define ¢ : S — N by

(s)w—min{neN:seLnJUi}.

i=1

Let Cy = 0 and let s, € S. Observe that if (s)y = I and (t)i) = 2, then we have that s = us, us, ... us, and

t= Uty Uty - - .’U,tl2 for some UgyyUgy + - .usll,utl,th .. .utlz ev.

Therefore st = us, Us, .. . Us; Ugy Uty - - Uty € Ui;lz U' and therefore (st)i < Iy + 1y = (s)Y + ()¢ + Cy. As S is quasi-
bounded we have that 1 is bounded by some N € N and therefore (s)i) < N for all s € S. This implies that s € Ufil Ut

for all s € S so we have § = Uf\il Ut. Tt follows that S satisfies the semigroup Bergman property. O

Theorem 3.1.6. Let Q) be an infinite set. There is a sequence (an)nen €N and N € N, such that for all S = (sp)nen C
Sym(Q), we can find G C Sym(S2) such that for all n € N we have s, € U, G* and |G| = N.

Proof. The following proof is based on the proof of Theorem 3.1 found in [3].

Choose (an)neny = (36n + 6)pen, N =8.

Let (sn)nen be a sequence in Sym(£2). Without loss of generality we assume that Q = Z x Z x €' where || = |Q].
Let M be a moiety of Q.

Qo :={0} x {0} xQ, Qf :={(0,0,2):x2€ M}, Qp :={(0,0,2):2€ M}

By Theorem 3.1.3, we can build a sequence S’ = (s,),eny C Pstab(Q8) U Pstab(€)]) such that s, = s}, 585, 155, for all
n € N.
Let by : Qf — Qa' be a bijection and let ¢ : 2 — Q, @2 : 2 — Q and ¢3 : 2 — Q be defined by:

()b o € 0§ ((a,b,¢))p2 = (a+1,b,¢),
(z)pr = (2)by' zeQy », (a,b+1,¢) a=0
z z€Qy ((a,b,c))¢3={ a.b.c) a#o}.
Let the bijection by : Z — N and s} for ¢ € Z be defined by:

(i)by = 2i 120 s — S(i)ba S(iyp, € Pstab(€25)
Sl <o fr P18(iyp, 91 S(ayp, € S\ Pstab(€25) [

Let S” := {s :i € Z}. As S” stabilises Qf pointwise for each s; we can construct 52’ : Q' —  such that (0,0,p)s] =
(0,0, (p)s/) for all p € Q' so ¢4 : @ — £ can be defined by

_ [ (@b (0)sy) b>0
((a7b7 C))¢4 — { (a,b, C) b<0 } .

Let (glag?ag3ag4a957g6vg7vg8) = (¢1a¢)27¢37¢4;¢1_1a¢2_17¢3?17¢21) and let G := {917927.9?”94’95796797798}' Let L(S)

denote the minimum length of s as a product of elements of G. It suffices to show that L(s,) < a, for all n € N.
Let a,b,i € Z and ¢ € §'. We have that:
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((a,b,¢))phdads’ = ((a+1,b,c))pady”

((0,b,¢)) ¢35 " by " b3 b3 =

:{ (a+,b,(c)s,.)65" b>0} _ ) 108 e b1
(a+1i,b,c)py" b<0 | G,b—1,¢)¢57¢s b<1
(a,b,()stly;) b>0
) _ ) (0,b,(c)s; ") b>1
{(“b b<0} {(O,b,c) b<1}

It follows that

Eaaf% C§¢2¢4¢> (¢2¢>4 2 $3) a#0
i —i =1 i —1 4 —i a,b,c)es dhoy ¢y ¢53 a=0and b<0
(ARG O AIECO) TN (b (065 0507 07" dn 0 =0 and b>0
(a,b,(c)s a+z)¢3 $505 b5 b3 a=b=0
(a,b,c) a#0
(a,b,c) a=0and b<0 "
1 (a,b,¢) a=0andb>0 (%
(a,b,(c)s a+z) a=b=0

Thus for i > 0 we have s} = ghgagigrgigsgigs so L(s)!) < 4]i| +4. In addition for i < 0 we have s/ = g\’ a9} 9795 9595 g3

so L(s) < 4]i] + 4.

For all n € N we have that s;:s’('n)b;1 or s, —¢1s bs 191 = )b 191 50 L(s),) < L(s” (nybs ) +2.
Therefore we have
L(sn) = L(85,_283n—155,)

< L(83p—9) + L(s3,_1) + L(s53,)

= <s 3n—2)by 1) + L(s(; 5B3n-1)b; 1) + L(s(; 53n)by 1) +6

< 4)(3n —2)by Y| +4|(3n — 1)by | + 4] (3n)by 1| + 18

<4(8n—2)+4Bn—1)+4(3n) + 18

< 36n+6 = ay.

Theorem 3.1.7. If Q is an infinite set then Sym(Q) is quasi-bounded and satisfies the semigroup Bergman Property.

Proof. The following proof is based on the proof of Lemma 2.4 in [4].

By Theorem 3.1.5 it suffices to show that Sym(Q) is quasi-bounded.

Let (ap)nen be as in Theorem 3.1.6.

We may assume a,, is strictly increasing as a,, can be replaced by max{a,, +1: m < n} and the required property holds.
Suppose for a contradiction that there exists ¢ : Sym(€2) — N such that there exists Cy, such that

(st < () + ()Y + Cy  for all s,t € Sym(Q)

and v is unbounded.
As ¢ is unbounded, for all n € N there exists s € Sym(£2) such that (s)y > n.
Therefore we can construct a sequence (s, )nen such that (s,)1 > a2 for all n € N.
We now construct a set of generators G = (g1, g2, 93, 94, g5, 96, 97, gs) for ($n)nen as done in Theorem 3.1.6.
Let M := max{(g)y : g € G}. Each s, can be written as a product of length at most a,, in elements of G it therefore
follows from induction that (s,,)¥ < a,Cy + a,M for all n € N. For all sufficiently large n we have that a, > Cy + M
and therefore
(82)0 < anCy + anM = a,(Cy + M) < a2 < (sp)9.

So (sp)¥ < (sp)%. This is a contradiction. O

3.2 Cofinality and Strong Cofinality

In this section we will be exploring the cofinality and strong cofinality of infinite symmetric groups.
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Definition 3.2.1 Let S be a semigroup. A cofinal chain of S, is defined to be a chain of strict subsemigroups (5;);ex
of S indexed by the ordinals less than some cardinal x such that

S=Js

1ER
and S; C S for i < j.

Definition 3.2.2 Let S be a semigroup. A strong cofinal chain of S, is defined to be a chain of strict subsets (S;);c of
S indexed by the ordinals less than some cardinal s such that

S=Js

1ER
and S; € 9 for i < j and for all ¢ € k there exists j < x such that 9;5; C S;.

Theorem 3.2.3. If S is a non-finitely generated semigroup, then there exist cofinal and strong cofinal chains of S.

Proof. The following proof is based on Note 3 of [5].

Let S := {t; : i < |S|} be an enumeration of S. Let S; := ({t; : j < i})s for i < |S|. We will show that (S;);<|s| is a
cofinal chain.

We have that S = Ui<\s| S; and S; C S; for i < j. To see that the .S; are strict subsemigroups observe that each S; is
generated by a set indexed by an ordinal ¢ < |S| and therefore is generated by a set of strictly smaller cardinality. If S is
countable it follows that S # S; as S; is finitely generated, and if S is uncountable it follows that S # S; as |S;| < |S|. We
therefore have that (S;);<|s| is a cofinal chain. As each S; is a semigroup it follows that S;S; C S; and therefore (.5;);<|s
is also a strong cofinal chain as required. O

Note that the validity of the following two definitions follows from the previous theorem together with the fact that the
cardinals are a subclass of the ordinals and thus any class of cardinals has a least element.

Definition 3.2.4 Let S be a non-finitely generated semigroup. The cofinality of S, denoted cf(S), is defined to be the
smallest cardinal x such that there exists a cofinal chain of S indexed by k.

Definition 3.2.5 Let S be a non-finitely generated semigroup. The strong cofinality of S, denoted scf(S), is defined to
be the smallest cardinal x such that there exists a strong cofinal chain of S indexed by k.

Note that Sym(2) is not finitely generated for an infinite Q as it is uncountable by Theorem 1.3.7 and therefore we can
assign it a cofinality and a strong cofinality. In addition by the proof of Theorem 3.2.3 we have

scf(Sym(Q)) < cf (Sym(Q)) < |Sym(Q)| = 211,
Theorem 3.2.6. If Q is an infinite set, then cf(Sym(2)) > Rg.

Proof. Suppose for a contradiction that ¢f(Sym(2)) < Rg. Then there is a sequence of strict subsemigroups (.S;);en of
Sym(€2) who’s union is Sym(2). Let ¢ : Sym(22) — N be defined by

(/) =min{n e N: f € S, }.

Let s,t € Sym(Q2). Without loss of generality we may assume that Sy,s) € Sy ), it follows that st € Sy, ;). Letting Cy, = 0
we have (st) < (£) < (£)16 + (511 + Cy.

By Theorem 3.1.7 it follows that Sym((2) is quasi-bounded and so this function is bounded above by some natural number
N. It follows then that for all f € Sym(2), we have f € Sy so Sy £ Sym(2) this is a contradiction. O

Theorem 3.2.7. If Q is an infinite set, then scf(Sym(§)) > Ng.

Proof. The following proof is based on the proof of proposition 2.2 in [4].

Suppose for a contradiction that scf(Sym(€2)) < Rg. Then there is a chain of strict subsets (.5;);en of Sym(€) such that
Sym(Q2) = U, ey Si, Si € Sj for i < j and for all i € N there exists j € N such that S;5; C 5.

We have that Sym(Q2) = J,;cn(Si)s and (S;)s C (S;)s for i < j. From Theorem 3.2.6 we have that cf(Sym(Q2)) > Rg and
so we must have that (S;)s = Sym(Q) for some j € N. By Theorem 3.1.7 Sym(2) has the Bergman property so it follows
that Sym(Q) = J,_, S} for some n € N.

To reach the desired contradiction it suffices to show that Sym(Q) = U;_, SJ'? C Sy for some N € N.

We have that S;S; C S;, for some j; € N. It follows that S;5;5; € S;,5; C (Smaxj.j»)? € Sj, for some j3 € N. By
induction for all ¢ < n we can construct j; such that S;'- C Sj,. It therefore follows that U’,jzlSj’-€ C Smax{jisi<n} a8
required.
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3.3 Shuffling Infinite Planes

Throughout the next two sections we will without loss of generality consider 2 as A x A where A is an abelian group of
infinite order (note that there are abelian groups of all infinite cardinalities, for example @,,, Zs where  is your cardinal
). We will consider the operation on A using additive notation. Let A be indexed by {a; : i € |A|} with ag = id4. This
indexing gives us a well ordering on the elements of A. We will use the functions m, 72 to be the projection of a tuple
onto its first and second coordinates respectively and if we have functions S;, S;11 ... Sk we will use the notation S;_, to
denote S;S;+1...Sk. In this section we try to write the elements of Sym(§2) as the product of ‘slides’.

Definition 3.3.1 Let f: A — A be a function. Then a vertical slide vy : Q@ — Q is defined by

(z,y)vy = (z,y + (2) f)-

Similarly a horizontal slide hy : Q@ — Q is defined by

(. y)hy=(z+ () fy)-
We will use the word slide to refer to either of these.

Definition 3.3.2 Let V be used to denote the group of all vertical slides of €2, and similarly let H denote the group of
all horizontal slides of €2. Note that these groups are abelian as A is abelian.

We will start by showing any moiety can be mapped into the diagonal line {(z,y) € A x A: x = y} and then show from
this that we can construct any element of Sym(£2).

Definition 3.3.3 Let z € A. Then the vertical and horizonal lines of = are defined respectively by:

Uwz{(l‘,y):yEA}, hx:{(y,l‘)tyEA}.
The word line will be used to describe any set of either of these types.

Definition 3.3.4 Let L C Q) be a line and let S C ). We say that L is S-contained if we have that L C S, we say L is
S-disjoint if L C S¢ and we say that L is S-sporadic if we have neither of these.

Theorem 3.3.5. If M is a moiety of Q0 then either there are | = |A| M-sporadic horizontal lines, or there are ||
M-sporadic vertical lines.

Proof. The following proof is based on the proof of Lemma 1 in [13].

Suppose not, then we have |[{x € A : v, is M-sporadic }| < |A| and |[{z € A : hy is M-sporadic }| < |A| and thus also
{z € A : v, is M-contained or M-disjoint}| = |A|.

Case 1: If |{z € A : v, is M-contained }| = |A| and [{x € A : v, is M-disjoint }| = |A| then it follows that for all y € A
we have h,, is M-sporadic a contradiction.

Case 2: If |{z € A : v, is M-contained }| < |A| then it follows that we have |{z € A : v, is M-contained or M-sporadic }| <
|A] and [{z € A : v, is M-disjoint }| = |A]. Tt follows that {x € A : h, is M-contained } = 0. As |[{z € A :
hy is M-sporadic }| < |A| we have that [{x € A : h, is M-sporadic or M-contained }| < |A|. However

M C {x € A: v, is M-sporadic or M-contained } x {x € A : h, is M-sporadic or M-contained }.

Thus it follows that |M| < |A x A| = |A| as M is a moiety this is a contradiction.

Case 3: If |{z € A : v, is M-disjoint }| < |A] then it follows that we have |{z € A : v, is M-disjoint or M-sporadic }| <
|A| and [{z € A : v, is M-contained }| = |A|. Tt follows that {z € A : h, is M-disjoint } = (. As [{z € A :
hy is M-sporadic }| < |A| we have that [{x € A : h, is M-sporadic or M-disjoint }| < |A|. However

Me¢ C{x € A: v, is M-sporadic or M-disjoint } x {x € A: h, is M-sporadic or M-disjoint }.
Thus it follows that |[M¢| < |A x A| = |A| as M is a moiety this is a contradiction. O

Theorem 3.3.6. If M is a moiety, then there exists a slide S such that either all horizontal lines are (M)S-sporadic, or
all vertical lines are (M)S-sporadic.

Proof. The following proof is based on the proof of Lemma 2 in [13].

By Theorem 3.3.5 we may assume without loss of generality that there are |A| M-sporadic horizontal lines.

The idea is that there are ‘lots’ of M-sporadic horizontal lines, so for each vertical line we can slide 2 M-sporadic horizontal
lines in such a way that they each put a specific point into our vertical line. One of which comes from M and one of which
doesn’t.
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Let {My, My} be a partition of {x € A : h, is M-sporadic} into moieties . Let ¢1 : M7 — A and ¢2 : My — A be
bijections. Let ¢3 : {x € A : h, is M-sporadic} — A and ¢4 : {x € A : h, is M-sporadic} — A be such that for all z € A
such that h, is M-sporadic we have ((z)¢s,2) € M and ((x)ds, ) ¢ M.
Let f: A — A be defined by
—(a)ps + (a)p1  a€ M
(a)f = —(a)pa+(a)p2  a€ My

a otherwise

Let S := hy. For all x € A we have
(z, ()01 ") = (@)1 " ps—(2)d1 ' ds+ ()1 ", ()81 1) = (@)1 "ds+(x)dy ' f, (2)pr 1) = ((2) @1 @3, (z)d1 hy € (M)S,

(z,(2)d3 ") = ((2)d3  da—(2)dy " Pat(2)83 62, (2)d3 1) = ((@)dy Dt ()3 . (2)e3 ") = ()¢5 " u, (2) 3 Dy & (M)S
and thus v, is (M)S-sporadic as required. O

For the rest of the section on shuffling infinite planes, it is required that the reader is familiar with the principals of
transfinite recursion and ordinal multiplication. However the remaining sections after this one will not require this, and
will also not require the remaining results of this section.

Definition 3.3.7 Let P be the set of 4-tuples (z, X, Yy, Y1) where x € A, X is an initial segment of A, Yy, Y; C A,
[Yol, |Y1] <2 and X, Yp, Y] are pairwise disjoint.

Theorem 3.3.8. The set P can be indexed by an ordinal o as {p; = (x;, X;,Y0,:,Y1,) : ¢ € a}, such that we have
{pieP:{z;} UX;UYp, UY1,; C{a;:a; <an}} is bounded above (in the well order given by the indexing of P) for all
ap € A. In addition there exist t; € A such that {t; + X; UYy,; UY1,; : i € a} are pairwise disjoint.

Proof. This proof is based on the proof of Lemma 3 in [13].

By the axiom of choice let ¢, : P(P)\{0} — P and ¢, : P(A)\{0} — A be choice functions.
By transfinite recursion we define the following for i € 2!l (until P has been indexed):

1. 4, := U({l’]} U Xj U YOJ‘ U Yl,j}),
j<i
2. pi = p({(2,X,Y5,Y1) € P: {2z} UXUYyUYs C A \{p; : j < i}) unless this set is empty in which case
pi := (min (A\U; ., 4;),0,0,0) (if this set is empty then we are done),

3. t; = Ca(A\ Uj<i(tj + Xj U Yo,j U le,j‘ - X; U YVO@ U Yl,i))-
Note that A\ Uj; (t; + X; UYy; UY; ; — X; UYp,; UY7 ;) is non-empty as we are removing less than |A| points from A.
Note that by construction we have {p; € P : {z; }UX;UY;;UY7,; C {a; : j < M}} is bounded above by (ar42,0,0,0), and
if {t;+X;UYp;UY71; : i € ||} were not pairwise disjoint then we would have (¢, +X,;UYy ;UY7 ;)N (t;+X,;UYp ;UY7 ;) # 0

for some ¢ > j and therefore ¢; € (t; + X; UYp,; UY:; — X; UY,,; UYq ;) contradicting its definition. Finally |Q] < |P| <
Q| x [Q] x 2 x2=19Q| so |2 =|P| and so this process must terminate at some ordinal o < 2/, O

Theorem 3.3.9. Let M be a moiety of Q. Then there exist slides S1,S2 such that for all p; € P we have one of the
following:

1. {(l’l,tl + b) :be Y171'} - (M)Sl_>2 and {(.Tl,ti + C) ce X; U YO,Z'} - ((M)Sl_>2)c,
2. {(tl + b, 1‘7) :be Ylﬂ'} - (M)Sl_>2 and {(tl +c, xl) ce X; U YQJ} - ((M)Sl_>2)c

Proof. The following proof is based on the proof of Lemma 3 in [13].

Let S; be as in Theorem 3.3.6 and suppose that all horizontal lines are (M)S;-sporadic. By Theorem 3.3.8 we have
{ti + X; UYy,; UY1,; : i € a} are pairwise disjoint. Let ¢1 : A — A and ¢2 : A — A be such that ((x)¢1,2) € (M)S: and
((x)p2,z) ¢ (M)Sy. Let f: A — A be defined by

—(a)p1 + ; ac (ti+Y1,)
(a)f =4 —(a)p2+2x; ac(ti+X;UY,)
a otherwise

Let So:=hy. Foralli € o, b€ Yy ; and c € X; UYy; we have
(ziyti +b) = ((ti + )1 — (ti +b)d1 + w4, 1 +b) = ((ti + )1, ti +b)hy € (M)S152,

(w4, t; +¢) = ((ti + c)p2 — (ti + )2 + x4, t; + ¢) = ((ti + ) P2, ti + c)hy ¢ (M)S150.

Thus the first condition is satisfied.
If instead all vertical lines are (M)S;-sporadic we can conclude by symmetry that condition 2 can be satisfied by a
symmetric choice of Ss. O
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Theorem 3.3.10. Let M be a moiety of Q. If Q is countable then there exist slides S1,Sa, Ss,S4, S5 such that (M)S1—5 C
{(z,y) e Ax A:x=y}.

Proof. The following proof is based on the proof of Lemma 4 in [13].
Let S1,S2 be as in Theorem 3.3.9. Without loss of generality for all p; € P we have {(x;,t; +b): b € Y1,;} C (M)S152
and {(z;,t;+¢) 1 c€ X;UYy,;} C ((M)S1-2)°. We proceed by induction. Let ko = 0, X =Yy = Zo = {ao},bo = co = ao.

1. Let Xp41:={a; € A:i <k, and (a;,ans1 +¢;) € (M)S152}

2. Let knq1 > ky be such that (X, 1 + min(A\ U}y Zi) — ak,,,) N (U;_y Zi;) = 0. This must exist as [(X,41 +
min(A\ U}, Z;)) — (U}, Z;)| is finite and therefore its complement must contain elements greater than ay,,.

3. Let by41 := min(A\ U\, Zi) — ax,,,,. Note this means that (X,+1 +bnt1) N (U Zi) = 0 by the definition of ky,41.

4. Let ¢; for k, < i < k,y1 be defined such that: (ax,,,,@n1 + ck,,,) € (M)S12 and for all other k, < i < kyy1
and j < n+ 1 we have (a;,a; +¢;) ¢ (M)S12. This can be done by the definition of S, S> as (ak, ,,{a; : j <
n+1},0,{ant1}) € P and (a;,{a; : j <n+1},0,0) € P for k,, < i < kpy1.

5. Let Yn+1 = Xn+1 U {aknﬂ}.
6. Let Z,41 := Yoq1 + bypgr. Note that Z,,44 is disjoint from (J;_, Z; (by 3).

As each Z, contains min(A\ U}~ Z;) (by 3,5,6) we have that |J, .y Z, = A. In addition (by 6) we have that the Z, are
disjoint. So we have the Z,, partition A.

Let S5 := vy, where f3 is defined by (a;)fs = —c¢;. Let Sy := hy, where fy is defined by (a;)fs = b;. Let S5 := vy, where
f5 is defined by (a;) fs = a; — an, (where Z,,, contains a;).

We have that Y,, = {a; € A: (a;,a,) € MS13} asif a; € Y,, we have that (a;,a, +¢;) € MS1o (by 1,4,5) and if a; ¢ Y,
we have that (a;,a, +¢;) ¢ MS12 (by 1,5 if i <k, and by 4,5 if i > k,).

We therefore have (by 6) that Z, = {a; € A: (a; — bn,a,) € MS153} ={a; € A: (a;,an) € MS14}.

So we have that if (a;,a,) € MSy_4 then a; € Z,, and thus (a;, a,)Ss = (ai,an — an + ;) = (a4,a;) € {(z,y) € A X A:
x =y} and thus MS15 C {(z,y) €e Ax A:x =y} O

Theorem 3.3.11. Let M be a moiety of Q. If Q is uncountable then there exist slides Si,S2,S3,54,S5 such that
(M)Si155 C{(z,y) e Ax Az =y}

Proof. The following proof is based on the proof of Lemma 4 in [13].

Let Si, 52 be as in Theorem 3.3.9. Without loss of generality for all p; € P we have {(x;,t; +b0): b € Y1,;} C (M)Si52
and {(zs,t; +¢) :c€ X;UYy} C ((M)S12)°. We first re-index A\{ida} = {a; : i € |A]} and we define (A;);c|a| to be
a cofinal chain for A such that Ay = {id4} and for all i € |A| we have A; is a group, as;, agi+1 € Aip1 and [A;4q 0 A;] >4
(where [G7 : G3] denotes the index of G as a subgroup of G1). This can be done by transfinite recursion as follows:

1. if 4 =0 then let A; := {ida},
2. if i is a successor ordinal let A; := ({a; : j <min{k >2i +1: [({aqa 1 a < k})g : Ai] >4} )a,
3. if 7 is a limit ordinal then A; := Uj<l. Aj.
For i € |A| we define ¢;, d;, m; by transfinite recursion.
1. Let ¢; € A;j11\A4,,

2. Let d; € A; 1 \((A; +¢i)U(4; —&-0;1) UA4;). Note that we can do this as [4;11 : 4;] > 4. Tt follows from the definition
of d; that ida, c;, d;, c; + d; are in different cosets of A; in A;41,

3. For a; € A;+1\A; by the definition of Sy, S2 we can define m; to be such that:

(a) (aj,ar —m;) ¢ (M)S1o2 for k < 2i and (aj, —m;) ¢ (M)S1-2,
If a; € (A; — ¢;) then (a;,a2; —m;) ¢ (M)S159
c) If a; = ar, — d; — ¢; for some ay, € A; and (ak, agit1 —mg) ¢ (M)S12 then (aj, az; —m;) € (M)S152,
If aj = ap — d; — ¢; for some ay, € A; and (ag, agit1 — my) € (M)S1-52 then (aj,as; —m;) ¢ (M)S1-2,
Ifa; € Aipa\(Ai U (A — ¢i) U(A; — (di + ¢;))) then (aj, az; —my) € (M)S152,
f) If aj = ar + ¢; + d; for some ay, € A; and (ag, ag; —my) ¢ (M)S1-2 then (aj, a1 —m;) € (M)S1-2,
g) If a; = ap + ¢; + d; for some ai, € A; and (ag, az; — my) € (M)S1-2 then (aj, agit1 —my) ¢ (M)S152,
Ifa; € Aixa\(A; U (A; + (¢; + d;))) then (aj, azir1 — my) & (M)S152.
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Let S3 := vy, where f3 is defined by (a;)f3s = m; and (ida)f5 is such that (ida,—(ida)f3) € (M)S1-2. Let Sy := hy,
where fy is defined by (as;)fs = ¢, (a2i44)fs = —d; and (ida)fy = ida. Note that for all non-identity elements x € A
there is a unique ¢ € |A| such that z € A;11\A;. We will now show that for all x € A there is at most one point in
MS1_4 Nw,. For i € |A| we have (by 3b and 3h) that:

(—ciyaz; — (—¢i)f3) & (M)S152 = (—ciya2;) &€ (M)S153 = (ida,a2;) ¢ (M)S1-4,

(disaziv1 — (di) f3) & (M)S152 = (di, agit1) ¢ (M)S143 = (ida,a2i41) ¢ (M)S1-4.
Let a; € Az-‘rl\Az
For k < i we have aj—c; € A;41\A; and aj+dy € Ai11\A; therefore (by 3a) we have (a; —ck, aor— (aj—ck) f3) ¢ (M)S152
and (a; + di, aok+1 — (a; + di) f3) ¢ (M)S1-2. For k > i we also have these two conditions (by 3b and 3h).
Therefore for i # k we have:

(a; —cpy a0k — (a; —cp) f3) & (M)S152 = (aj —ck,a2k) € (M)S153 = (aj,a2,) ¢ (M)S154 = (a,a; +as, — az;),
(aj +di,agkr1 — (aj +di) f3) ¢ (M)S152 = (a5 +dy, azk41) ¢ (M)S153 = (a;,a2k41) ¢ (M)S14.
If a; = a — d; for some aj € A; then (by 3d) we have one of:
(ak,a2i41 —mp) & (M)S150 = (ak, a2i41) ¢ (M)S153 = (aj,a241) € (M)S155,,
(a; — ci,a2i — (aj — ¢;) f3) € (M)S152 = (aj — ¢i,a2;) € MS13 = (aj,a2;) € (M)S1-4.
If a; = ax + ¢; for some a € A;. then (by 3g) we have one of:
(ak,a2; —my) € MSi10 = (ak,a2;) ¢ MS153 = (aj,a2;) ¢ MSi4,

(a; +diyazi11 — (a; +di) f3) ¢ MSi,0 = (a; +di,a2i11) ¢ MSi3 = (a;,a24+1) ¢ MS14.

Otherwise by (3h) we have
(aj +di,azit1 — (a5 +di)f3) € MS142 = (aj +di,a2i11) € MS153 = (aj,a2i41) ¢ MSi4.

We therefore have that v;q,, N(M)S1—5 contains at most (ida,id4) and for all a; we have at most one of (a;, as), (a;, azit1)
in vy, N (M)S1-,4 and no other points. Thus we can construct a vertical slide S5 such that MS;_,5 C {(z,y) € Ax A:
x =y} O

Theorem 3.3.12. If M is a moiety of 2, then there exist slides S, S2, S5, S4, S5 such that (M)S1—5 C {(x,y) € Ax A:
x =y}
Proof. Take the previous two theorems together. O

Now that we can easily permute moieties by first moving them into a diagonal, permuting the diagonal, and moving them
back again.

Theorem 3.3.13. Let M be a moiety and let p € Symg (M) then there exist 11 slides S1,S2 ... S11 such that S111|m =
plu.

Proof. The following proof is based on the proof of Claim 11 in [12].

Let 51,52, 53,54, S5 be as in Theorem 3.3.12 and for 6 < n < 12 let S, := Sl_zl_n . Without loss of generality assume that
Ss is a vertical slide. Let I : M — A be defined by (2)I = (x)S15m1 = (2)S15572.

Let fi: A— A and fs: A — A be defined by:

(a)fi { (@)I'pl —a a€ img(]) } (@)fa { a—(a)I'p~'I a € img(l) }

ag otherwise ap otherwise

Let S§ := vy, and Sg := hy,. We now have for € M

Thus S1,55tS6—11|m = plar and as S5 and Sf are both vertical slides it follows that S5Sf is also a single vertical slide
and thus we have the required result. O
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Theorem 3.3.14. Let M be a moiety of 2 and let p € Sym(M). Then there are slides S1,S2 ... S44 such that p = S1_44.

Proof. The following proof is based on the proof of Claim 12 in [12].

Let {M;, M} be a partition of M€ into moieties. By Theorem 2.3.7 let p1, po € Symg, (M) be such that py *py ' pip2 = p. By
Theorem 3.3.13 let Sy, Sa ... S22 be such that Sy 11| pmun, = p1_1|MuM1 and S12-22|Mun, = p2_1|MuM2. Let S, := S;f_n
for 23 <n <33 and S,, = S54-,, for 34 < n < 44.

Let (z,y) € Q.
(#,y)p7 " S12-44 (r,y) € M
(2,y)S1540 = ¢ (2,Y)S12544 (x,y) € My
((x,y)S1511)S12544  (z,y) € M2
(z,9)p1 'ps ' Sa3san (z,y) €M
= ((z,y)S12522) 523544 (z,y) € My
((z,9)S1511)523544  (z,y) € My

(x,9)py 'py 'p1S3asas (z,y) €M
=19 ((#,y)S12-22)534—44  (w,y) € My
(7, 1)S34-544 (z,y) € My
(z, )1 'py ' pip2 (my) €M
= (x,y) (x,y) € M
(z,9) (z,y) € Ma

O

The following theorem gives a slight alteration to the idea given in [12]. This slightly improves the number of slides
needed to generate the entire symmetric group (from 81 to 55).

Theorem 3.3.15. Let p € Sym((), then there exist 55 slides S1,S5 ... Ss5 such that p = S155.

Proof. Let P be the partition of Q into disjoint cycles of p.

Case 1: If we have that |P| = |Q| then let M, be a moiety of P and let M := UM,. We have that p = p|yp|ame. By
Theorem 3.3.13 let S1,S5...511 be such that p|ps = S1511]/m. By Theorem 3.3.14 we can find Si2,13,14...55 such that
(S1-11) " Y(plar) (plare) = S12-s55 as this product fixes the moiety M pointwise. We therefore have that

S155 = (S1511)S122555 = (S1511) (S1511) " (PlM) (Pl aee) = (plar) (plare) = p-

Case 2: If we have that |P| < || then as each cycle is countable it follows that € is countable. As |Q| = Rg we have that
p has finitely many cycles and thus has at least one infinite cycle C = (...c_1,¢p,¢1...). Let p1 : Q@ — Q be defined by

Ciy1 = ¢; for some i =0 mod 3
(x)pr =4 ¢i—1 x=¢; for some i = 1 mod 3
T otherwise

Let My := {¢; : i # 2mod 3} and My := {¢; : i = 1 mod 3}. By Theorem 3.3.13 let S1,55...511 be such that
p1la, = S1511]a,- By Theorem 3.3.14 we can find S1a_,55 such that (S111)"'p = Sia_55 as this product fixes the
moiety My pointwise. We therefore have that

S155 = (51—>11)512—>55 = (Sl—>11)(51—>11)71P =Pp-

Corollary 3.3.16. The group Sym(2) is equal to (HV )8,

Proof. Let p € Sym(2), we can now write p as S1_,55 this is an alternating product of elements of H and V so if S; € H
then S1_55 € (HV)27H - (HV)28 and if S; € V then S1_55 € V(HV)27 - (HV)28 O

3.4 Products of Abelian Groups

In the previous section on shuffling the plane, the works of Miklos Abert, Tamas Keleti and Peter Komjath gave us a
means for expressing any element of an infinite symmetric group as a product of ’slides’. This gives us a way of writing
any infinite symmetric group as a product of 56 abelian groups. In [14] Akos Seress gives a way to write any infinite
symmetric group as a product of 14 abelian groups. In this section we will further decrease this bound to 10.
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Definition 3.4.1 Fort e A, we call aset D C {(a,t+a):a € A} a t-diagonal segment.
Observe that if a # b then all a-diagonal segments are disjoint from all b-diagonal segments.
Theorem 3.4.2. Lett € A. If D is a t-diagonal segment, then HV acts fully on D.

Proof. The following proof is based on the proof of Lemma 3 in [14]:
Let g € Sym(D) and let f; : A — A and fy: A — A be defined by:

(a)fl = (CL - taa)g'ﬁl —a+t, (a’)fQ =a+1t-— (aaa+t)gil7r2~

Let (p,p+t) € D, we have that

(pp+t)hpvy, =+ @+t —t,p+t)gm — (p+1) +t,p+thy,
= ((p,p + t)gm1,p + t)vy,
= ((p,p+t)gm,p+t+ (p,p+t)gm +t — ((p,p + t)gm1, (p,p + t)gm1 + t)g~ ' m2)
=((p,p+t)gm,p+t+ (p,p+t)gm +t— ((p,p+ t)gmi, (p,p + t)gma)g ™~ 'm2)
= ((pp+t)gm,p+t+(p,p+t)gm +t— (p,p+t)gg 'm)
= ((pp+t)gm,p+t+(pp+t)gm +t— (p+1))
= ((p,p +)gm1, (p,p + t)gm + 1)
= ((p,p + t)gm1, (p,p + t)gma)

= (p,p+1t)g
So we have that hy vy, € HV satisfies that (hy,vys,)|p = ¢ as required. O

Theorem 3.4.3. If M is a moiety of Q and t € A, then there exists hiyviho € HV H such that Mhiviho N D =0 for all
t-diagonal segments D.

Proof. By Theorem 3.3.6 we have that there is a slide S € H UV such that either all horizontal lines are (M)S-sporadic
or all vertical lines are (M)S-sporadic.

Case 1: If S € H, and all vertical lines are (M)S-sporadic, then for all x € A choose p, € v, \(M)S. Let f: A — A
be defined by (a)f = a +t — p,. It follows that for all (z,y) € M we have (z,y)Svy ¢ D and thus we can choose
hi = 8,v1 = vy and hy = ida.

Case 2: If S € H, and all horizontal lines are (M)S-sporadic, then we can make a similar argument by using only an
element of H (viewed as a product of two elements of H)

Case 3: If S € V, and all horizontal lines are (M)S-sporadic, then we can make a similar argument by letting hy := ida
and v; = S.

Case 4: If S € V, and all vertical lines are (M )S-sporadic, then we can make a similar argument by using only an element
of V (viewed as a product of two elements of V') O

Theorem 3.4.4. If M be a moiety of ), then there exist abelian groups Hyr, Vi such that Hpy Vg acts fully on M.

Proof. Let D := {(z,y) € Ax A : 2 = y}, we have by Theorem 3.4.2 that HV acts fully on D. Let ¢y : M — D and
¢ : M¢ — D€ be bijections. Let In; : Q — Q be the bijection defined by

wne={ G S )

As HV acts fully on D it follows that I, (HV)I;;" acts fully on M. So we also have that Iy HIy I VIy' = (I HI) (I VI
acts fully on M. Let Hy := IpyHI 1\_/11 and Vay = I VI A_/[l. As these groups are conjugates of H and V', they are isomorphic
to H and V. In particular they are abelian groups and we have the required result. O

Now that we have the required theorems and definitions, we will prove the main result of this section. In Lemma 5 of
[14] Akos Seress makes use of a group D which contains elements of all possible disjoint cycle shapes, this idea is a critical
part of the following proof in which we use a very similar group C.

Theorem 3.4.5. The group Sym(Q) can be expressed as the product of 10 abelian groups.

Proof. Let L be a moiety of A, t € A\{ida}, D :={(z,y) € Ax A:2 =y}, D1 :={(a,a):a € L}, Dy :={(a,a+1):
a € L}. Let P:={p,; : i € |Q|} be a partition of D{ into countable sets such that there are || sets of all cardinalities less
than or equal to Ng. For all i € Q] let ¢; be the group generated by a |p;|-cycle on p;. Let C':= [],¢ o ci (viewed as a
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permutation group fixing all points of Dy). Finally let Hp,, Vpe, Hpg, Vpg be as in Theorem 3.4.4.

Note that all the above groups are abelian as C' is a product of cyclic groups acting on disjoint sets and the others are
abelian by construction. We will show that Sym(§2) = HV H HpeVpg Hpe Vpe CVpe Hpe.

Let g € Sym(Q) and M := Dg~!. As the image of a moiety under a permutation we have that M is a moiety. By Theorem
3.4.3 we have that there is an element ¢’ € HV H such that Mg’ N {(a,a+1t):a € A} = 0.

Observe that {(a,a +1t):a € L} C (Mg )\D2 and |{(a,a+t):a € L} =9 =|({(z,y) € A X A:x =y} UDsy). Let
¢ : (Mg')*\Dy — (D U D3)¢ be a bijection. Let f € Sym(D5) be defined by

_ [ @)9glg  zeMy
@=L 0 G )
As HpgVpg acts fully on Dj there exists g € HpgVpg such that g”|ps = f. We now have that (¢'¢g"”)|n = gla and
g'9" € HVHHp:Vp;. It therefore follows that s := (¢'¢”)"'g € Pstab(D) = Symq(D®) <¢ Symg(Df). As s|pe
fixes D\D; it has || 1-cycles, therefore by the definition of C, by choosing either the identity or generating element
of appropriately many c¢;, there is an element s’ € C such that §/| pe has the same disjoint cycle shape as s|pe. As we

have s,s" € Symg (D¢ ) have the same disjoint cycle shape when restricted to D there exists w € Symg(Df) such that
ws'w™l =s. As HpeVpe acts fully on Df, we have that there exists w’ € HpeVpe such that w'|pe = w|pe. For all p €

we now have (o) w1
P =1 p)ww p€ Dy o
(p)u's"w™" = { (p)s otherwise } = (p)s.

It follows that s = w's'w'~! € HpeVpeCVpe Hpe. Therefore g = g9 (ggd") tg=4g9g"s € HV HHpgVpsHpsVp;CVpe Hpe
as required. O
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Chapter 4

Maximal Subgroups of Infinite Symmetric
Groups

In this chapter we aim to construct large families of maximal subgroups of Sym(2). In particular we will show that for

any infinite set (2 there exists a family of 22" maximal subgroups of 2 which are pairwise non-conjugate. To do this we
will first be building groups from ultrafilters using what was established in chapter 1.

4.1 Building Groups from Ultrafilters

The following Theorem will be useful when showing the maximality of certain subgroups.
Theorem 4.1.1. Let Q be an infinite set and let G <g Sym(Q)), then if all moieties of Q are full in G then G = Sym(Q).

Proof. The following proof is based on Note 3 of section 4 in [6].

Let G be a group such that all moieties of € are full in G.

Let M be a moiety of 2. We have that M€ is also a moiety and therefore G acts on fully on M and M¢€. Let Gy :=
G N Sstab(M). As G acts fully on M we have that G acts fully on M (as the required elements stabilise M setwise).
Let {M1, Ms} be a partition of M into moieties. Let g € Symg(M;) be such that g has || cycles of all finite lengths. As
M; U MF¢ is a moiety there exists ¢’ € G such that ¢'|ar,unre = g|anunme. We have that ¢’ € G (as it fixes M€ pointwise).
We now construct a new element g* € G by reversing all cycles of odd or infinite length of ¢’ and preserving the others.
This permutation is an element of G4 as it can be constructed by conjugating ¢’ by an element of G with the required
action on M (noting ¢’ fixes M€ so it’s action on M€ is unaffected by conjugation by elements of Gy).

In the product g*¢’ all cycles of odd or infinite length cancel and all cycles of even length are squared. The square of a
cycle of length 2n gives two cycles of length n. It follows that ¢*¢’ € G5 has 2 % |Q] = || cycles of all finite lengths and
none of infinite length.

Therefore G, contains an element of Symg (M) which has || cycles of all finite lengths and none of infinite length. By
conjugating this element by elements with the appropriate action on M we have that G5 contains all elements of Symg, (M)
which have |Q] cycles of all finite lengths and none of infinite length. By Theorem 2.3.7 Symg (M) C Gs. We now have
that Symq (M) < G for all moieties M and therefore by Theorem 3.1.3 we have G = Sym((2). O

Definition 4.1.2 Given an ultrafilter ¢/ on an infinite set Q.
Fy = {f € Sym(Q) : fix(f) € U}.
Theorem 4.1.3. Given an ultrafilter U on an infinite set Q, we have Fyy <& Sym(Q).

Proof. Let f € Fy then fix(f) = fix(f~!) so f~! € Fy;. We have that Fy, is closed under inverses.
Let f,g € Fyy we have that fix(f) and fix(g) are in U therefore fix(f) Nfix(g) € U. As fix(fg) 2 fix(f) N fix(g) we have
fix(fg) € U and fg € Fyy so Fy is also closed under multiplication. O

Theorem 4.1.4. Let U be an ultrafilter on an infinite set S, then Fy is transitive on the moieties of Q0 in U.

Proof. The following proof is based on the proof of Theorem 6.4 in [5].
Let My, My € U be moieties of 2. We will show that there is an element of F;; mapping M; to Ms.
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Case 1: If M1 \M> and M5\ M, are both moieties then it follows that |M1\Ms| = |[Ma\M;|. Let ¢ : M1\Ms — Mo\ M,
be a bijection and let f € Sym(Q2) be defined by

T T € MyN M,

B xT T € X\(M1 U Mg)
@f =9 ()p-1 x € My\M
(x)d) S Ml\MQ

As My N My C fix(f) it follows that fix(f) € U and therefore f € Fy,. We have that (M;)f = M as required.
Case 2: Suppose that M7\Ms or Ms\M; is not a moiety. Without loss of generality we assume that M;\ My is not a
moiety. Then it follows that |Q| = |(M71\M2)°| and |Q] > |M;\M>|. We now have the following:

|My O M| = [Mi\(Mi\Ma)| = [Mi] — [Mi\ M| = [,
|(My N Ma)| = | M7 U M| = |9,
|M1 U M| =9,
|(My U M2)| = [(M2 U (M1\M2))°| = |[M3 0 (Mi\Mz)°| = |[M5\(M1\Ma)| = |Q].

So both M; N Ms and M; U My are moieties. Let {Ms, My} be a partition of M; N Ms into moieties. By Theorem 1.4.5
either M3 or My is in Y. If M5 € U then M, = MS N M; N My € U. So we have that either M3 or My is in U.
Consider the set My := My U (M; U Ms)°.

M5\M1 = (Ml U MQ)C a moiety.
Mi\M;5 = M;\M, a moiety (as it contains M3 and its complement contains the complement of M ).
M5\M2 = (Ml @] Mg)c a moiety.

Mo\Ms = M>\ My a moiety (as it contains M3 and its complement contains the complement of M).

So by Case 1 there exist fi, fo € Fyy such that (M;)f1 = My and (Ms)fa = Ma, it follows that (M) f1fa = Ms and we
have the required result. O

Theorem 4.1.5. IfU is an ultrafilter on an infinite set ), then Fy is transitive on the moieties of € not in U.

Proof. Let My and Ms be moieties not in U then both My and M§ are in U by Theorem 1.4.5. By Theorem 4.1.4 there
is an f € Fy such that (Mf)f = M$. It therefore follows that (M) f = M as required. O

Theorem 4.1.6. IfU is an ultrafilter on an infinite set 2, then Fyy <g Sstab(U).

Proof. Let f € Fyy and let U € Y. We have that U Nfix(f) € Y and (U)f = (U Nfix(f)) U (U\fix(f))f 2 U Nnfix(f) so we
also have (U)f e U.

Similarly let (U)f € U. We have that (U)f Nfix(f) € U and U = (U)f)f~! = ((U)f nfix(f)) U (U)f\fix(f))f~* D
(U)f nfix(f) so we also have U € U. O

Theorem 4.1.7. IfU is an ultrafilter on an infinite set Q, then Sstab(U) = Fy.

Proof. The following proof is based on the proof of Theorem 6.4 in [5].

As by Theorem 4.1.6 we have F; <g Sstab(i), it suffices to show that Sstab(U) <g Fi. Let f € Sstab(U). We will
construct two moieties My and My which partition Q. Let (¢;);es be the disjoint cycles of f (where I is an index set). Let
each ¢; of finite order k > 1 be given by (¢i,¢i1...¢ix—1) and each ¢; of infinite order be given by (...¢; —1,¢i0,¢i1...).
Then we define M; and My as follows:

L. If [fix(f)| < | then My = {¢;; :i € I and j even } Ufix(f) and My = {¢;; : ¢ € I and j odd }. If there are ||
non-trivial cycles then each contributes at least one element to each of M; and Ma, thus {M;, Ms} is a partition
of 2 into moieties. If not then as |fix(f)| < || we have |supp(f)| = || so we must have |Q] = Xy and one of the
cycles is infinite so {My, My} is still a partition of £ into moieties.

2. If [fix(f)| = || then let {Fy, F»} be a partition of fix(f) into moieties. Let My := {¢; ; : 4 € I and j even } U F}
and My ={c¢;; : i € I and j odd } U F,. We have that {M;, M} is a partition of { into moieties.

Suppose for a contradiction that f ¢ Fy,. It follows that fix(f) ¢ U and thus by Theorem 1.4.5 supp(f) € U. It follows
from the definition of M7 and My that supp(f) C My U (M) f and similarly supp(f) € Ma U (Ma2)f so we have that both
of these sets are in U.

By Theorem 1.4.5 we have that (M; U (M;)f)¢ = Ma N (Ma)f ¢ U and (M2 U (Ma)f)¢ = My N (My)f ¢ U so by the
definition of a filter we have either My or (M;)f is not in U and either My or (Ms)f not in U. As f € Sstab(U) it follows
that none of My, (My)f, M2, (Ma)f are in U but as M{ = My this contradicts Theorem 1.4.5. O
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Theorem 4.1.8. Let U be an ultrafilter on a set Q and let g be a permutation of Q. Then V := (U)g ={(U)g:U € U}
is an ultrafilter on 2.

Proof. We first show that V is a filter.
1. As Q € U we have that Q = (Q)g € V.

2. For A,B €V we have A = (A’)g and B = (B’)g for some A, B’ € Y. As U is a filter it follows that A’N B’ € U and
therefore ANB = (A")gN (B')g=(A'NB)geV.

3. Let A€V andlet B2 A. Then A = (A’)g for some A’ € U and A’ C Bg~—! . So Bg~! € U and therefore B € V.

We now show that V is an ultrafilter. As () ¢ U it follows that () ¢ V.

It therefore suffices to show that there is no filter V' such that V € V' C P(Q). Suppose for a contradiction that there is
such a V'. Let U’ := {(V)g~!: V € V'}. By using g~! with the previous part of the proof we have that U’ is a filter and
we have that Y C Y’ C P(X). This contradicts the fact that U is an ultrafilter. O

Theorem 4.1.9. Let U be an ultrafilter on an infinite set Q. The group Sstab(U) is a mazimal subgroup of Sym(€2).

Proof. The following proof is based on the proof of Theorem 6.4 in [5].

First we show Sstab(U) # Sym(f2). Let f € Sym(€2) be such that fix(f) = 0, by Theorem 4.1.7 it follows that f ¢ Fy =

Sstab(U). Let g € Sym(Q)\ Sstab(i/). Suppose for a contradiction that for all M € U which are moieties of Q@ we have

(M)g € U. We have by Theorem 4.1.8 that (U)g is an ultrafilter who’s moieties are all contained in /. In addition by

Theorem 1.4.5 one of M and M€ is in (U)g and M© ¢ U so M € (U)g. Tt follows that U and (U)g have the same moieties

and therefore by Theorem 1.4.6 we have that (U)g = U a contradiction as g ¢ Sstab(U). So we have that there is a

moiety M; € U such that (M;)g ¢ U. Let My be a moiety of 2, by Theorem 1.4.5 precisely one of My and M is in U.

Without loss of generality suppose that M§ € U. We have that Fy, acts fully on My as for all A € Symg (M) we have

fix(h) 2 M$ € U and thus fix(h) € U. By Theorem 4.1.7 Fy; = Sstab(U) so Sstab(Uf) acts fully on My.

By Theorem 4.1.5 for all M ¢ U which are moieties of Q there exists h € Fyy = Sstab(U/) such that (M)h = Ms it follows

that (Sstab(U), g)a acts fully on all moieties of 2 not in U.

By Theorems 4.1.4 and 4.1.5 for all M € U which are moieties of Q there exists hi,he € Fyy = Sstab(U) such that

(M)hy = My and ((M;)g)he = M. We now have that (M)highe = My and therefore (Sstab(U), g)¢ acts fully on all

moieties of 2 in U.

We now have that (Sstab(U), g)¢ acts fully on all moieties of 2 and therefore by Theorem 4.1.1 (Sstab(Uf), g)¢ = Sym(€2).
O

Theorem 4.1.10. Let U; and Uy be distinct ultrafilters on an infinite set Q. Then Sstab(Uy) # Sstab(Us).

Proof. Let U € Uy \Uz be a moiety (this must exist by Theorem 1.4.6). By Theorem 4.1.7 it suffices to prove F, # Fyy,.
Choose f € Sym(2) such that fix(f) = U then f € Fy, \Fy, and therefore Fyy, # Fyy, as required. O

Theorem 4.1.11. For all infinite sets 2, there exists a family of 22! pairwise non-conjugate maximal subgroups of

Sym(Q).

Proof. The following proof is based on the proof of corollary 6.5 in [5].

By Theorem 1.4.11 there are 22" Wltrafilters on Q. It follows from Theorems 4.1.10 and 4.1.9 that there exists a family
of 22! maximal subgroups of Sym(f2). As there are only 2/’ elements of Sym(f) it follows that this family can be
partitioned into 92" conjugacy classes. By choosing one element of each we have the required result. O

4.2 Finite Partition Stabilisers

In this section we will explore more examples of maximal subgroups of infinite symmetric groups in the form of partition
stabilisers.

Theorem 4.2.1. Let Q be an infinite set, and let F C Q be finite. We then have that Sstab({F, F¢}) is a mazimal
subgroup of Sym(€2).

Proof. Let f € Sym(Q)\Sstab(F) and g € Sym(Q2). As Sstab({F,F°}) = Sstab(F) it suffices to show that g €
(Sstab(F), f)a-

As f ¢ Sstab(F') there must exist a point p € F such that (p)f € F¢. Let po € (F¢)f N F°. We have that
((p)f,p2) € Sstab(F). It therefore follows that (p, (p2)f~") = f((p)f.p2)f~* € (Sstab(F), f)¢. For all a € F and b € F°
we have that (a,b) = (a,p)(p, (p2)f 1) ((p2)f~1,b) € (Sstab(F), f)g. Let F be indexed by F = {p; : i < k}. We now have
that g(p1, (p1)g) (P2, (2)g) - - - (Pr, (Pr)g) € Sstab(F). It therefore follows that g € (Sstab(F), f)¢ as required. O
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Theorem 4.2.2. Let Q be an infinite set and let 31 and Yo be infinite subsets of Q0 such that |1 NXa| = |11 U Ds|. We
have that Symg (X1 U X2) = (Symgq(X1), Symg(32)) -

Proof. The following proof is based on the proof of the first lemma of [9].

Let f € Symg (X1 UXs). We have that either [(X; NX2)f NE1| = X1 N ] or |(Z1 NEs)f NEg] = X1 N Ey|. Without
loss of generality we assume that [(31 N o) f N X1 = |X1 N Xa|. Let M be a moiety of (X1 NXa)f NXy. It follows that
M is a moiety of ¥; and (M)f~! is a moiety of X1 N Xy, ¥y and y. Let f' € Symg(31) be such that (p)ff’ = p for all
p e (M)f~1. As |21 NXy| = |£1] we have that ¥1\Xs is contained in a moiety of ¥; and thus there exists an element
g € Symq(21) such that $1\¥y C M f~tg. As ff fixes M f~1 it follows that g~ ff’g € Symq (X1 UXs) fixes 31\ X and
thus g1 f f'g € Symgq(X2). So we have that f € g Symg(32)g~ 1/~ C (Symg (1), Symg(X2))¢ as required. O

Definition 4.2.3 Let P be a partition of an infinite set ) into finitely many sets and let x be an infinite cardinal. The
k-almost stabiliser of P is defined by

Sstab(P) <, := {f € Sym(Q) : there exists f’ € Sym(P) such that for all p € P we have |(p) fA(p)f'| < x and |p| = |(p)f'[}.

Theorem 4.2.4. Let P be a partition of an infinite set 2 into finitely many sets and let k be an infinite cardinal. Then
the k-almost stabiliser of P is a group.

Proof. Let f,g € Sstab(P)<q and let p € P. As (p)fgA(p)f's" € (()fAMWP)[)g U ((p)f'9Apf'g")) we have that

() faAP) '] < [((P)f D R) )9l + 1((P)f)9A(P) ['9')| < £ + k& = and thus fg € Sstab(P)<y.
It now suffices to show that f~1 € Sstab(P).,. Let p € P. We have that |(p)f’'~!| = |p| and

(AW =) A= 1A = (@) AP S < s
O

Theorem 4.2.5. Let Q be an infinite set, and let P := {My, M ... My} for some k > 1 be a partition of Q into
finitely many moieties. We then have that Sstab(P) is not a mazimal subgroup of Sym(). In particular Sstab(P) <g
Sstab(P)<|q which is mazimal.

Proof. The following proof is based on the proof of observation 6.2 in [5].

Let 9 € My and 1 € M) we have that (zo,21) € Sstab(P).|q|\ Sstab(P) and thus Sstab(P) <g Sstab(P)|q.

We now show that Sstab(P).|q| is maximal. We first show that Sstab(P).|q) # Sym(Q). Let {Mo 1, Mo 2} be a partition
of My into moieties of My and {Mj 1, M7 2} be a partition of M7 into moieties of My. Then we have that | My 1| = | M 1|
and thus there is a bijection ¢ : My 1 — Mi 1. Let g € Sym(Q2) be defined by

($)¢ T € MO,I
(x)g=14 (x)¢p~! xe M,
T otherwise

We have that g ¢ Sstab(P)<|q| as [(Mo)gAM;| = [Q] for all i < k.
Let f € Sym(Q)\ Sstab(P).|q. It suffices to show that (f, Sstab(P)|q|)c = Sym(£2).

Claim: There exist 4, ji,j2 such that ji # ja, |[(M;)f N M, | = |Q] and |(M;) f N M;,| = |9].

Proof of Claim: Suppose for a contradiction that our Claim is false. We partition each M; as {M; o, M, 1 ... M; } where
M;;j:={x € M;: (z)f € M;}. As each M, is a moiety we have that for every ¢, that at least one of M; g, M; 1 ... M, is
a moiety. We also have at most one of these is a moiety as if not that would contradict our assumption that the Claim is
false. In addition for each j there must be an ¢ such that M, ; is a moiety, and |M;\(M; ;) f] < || as if this were not the
case then f would not be onto M;. By letting f' € Sym(P) be defined by (M;)f' = M for i, j such that M; ; is a moiety,
it follows that f € Sstab(P)|q| a contradiction. [

We now have

Symg((Mi)f N (Mj, UMy,)) <¢ [~' Symq(M;)f <¢ (f,Sstab(P)<ja))c;

Symg(Mj,) <g (f,Sstab(P)<jo))a,  Symg(Mj;,) <a (f,Sstab(P)<q))c-

It follows by Theorem 4.2.2 that Symg(M;, U ((M;)f N (Mj, U Mj,))) < (f,Sstab(P)<q)c. By using Theorem 4.2.2
again we then have that Symg ((M;, U My, U ((M;)f 0 (M;, U Mj,)))) = Symg(M;, U Mj;,) <¢ (f,Sstab(P)<q))a-

As the elements of P all have the same cardinality we can permute them using elements of Sstab(P). If follows that for all
i,j < k we have Symg(M; U M;) <g (f,Sstab(P).|q|)c. By repeatedly applying Theorem 4.2.2 we will get the required
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result as follows

Symg (Mo U M1) <¢ (f,Sstab(P)<|q|)¢ and Symq(M; U M) <¢g (f, Sstab(P)jq|)a
= Symg (Mo U M; U M) <¢ (f,Sstab(P)<|q|)c and Symg(Ma U M3) <¢ (f,Sstab(P)<q))c
= Symgq (Mo U M; UMyU M3) <c {f, SStab(P)<|Q‘>G and Symgq(Ms U M4) <c (f, SStab(P)<|m>G

- Sme(MO UM;...U Mk) <g <f, Sstab(P)<‘Q|>G
= Symg(UP) <¢ (f,Sstab(P)<q))c = Sym(Q) <¢ (f,Sstab(P)ja|)c-

O

Theorem 4.2.6. Let Q be an uncountable set, and let P := {N, N} be a partition of Q where Rg < |N| < |Q|. We then
have that Sstab(P) is not a mazximal subgroup of Sym(Q). In particular Sstab(P) < Sstab(P).|n| which is mazimal.

Proof. Let x; € N and x5 € N¢ we have that (z1,22) € Sstab(P) . n|\Sstab(P) and thus Sstab(P) < Sstab(P)|y.
We now show that Sstab(P).|y| is maximal. We first show that Sstab(P). x| # Sym(£2). Let N’ C N€¢ be such that
|N| = |N’'|. Then we have that there is a bijection ¢ : N — N’. Let h be defined by

(x)p xreN
(x)h =< (z)9~! zeN'
T otherwise

We have that h ¢ Sstab(P)<|n| as [(N)hAN| = |N| and |[(N)hRAN®| = [Q]. Let f € Sym(Q)\ Sstab(P)|y|, it suffices to
show that (f, Sstab(P)«|n|)c = Sym(Q).

Claim: Either |[(N)f N N¢| =|N| or |[(N)f~1 N N¢ = |N|.

Proof of Claim: As f ¢ Sstab(P)|y| we have that either [INA(N)f| = |[N| or [N°A(N°)f| = |[N|. We therefore have one
of the following;:

L IEIN\(N)f| = [N| then [N| = |[(N)f="\N| = [(N) =1 N N°|.

2. If |(N)f\N| = | N| then |[(N)f N N¢| = |N].

3. If INC\(N°) f| = [N then [N] = [(N®) fTH\N¢| = [(N©)f~' N N| = [N“ 0 (N) f].
4. If |(N©) f\N°| = |N]| then |N| = |(N°)f A N| = |N° N (N)f~}|. O

As (f,Sstab(P)<n|)a = (f ™', Sstab(P)<|n|)¢ we may assume without loss of generality that [N f N N¢ = |N|. Let
{Ny, N1} be a partition of Nf N N€¢ into moieties. Let No C N¢ be such that No N Nf N N¢ = () and |No| = |[N|. Let
¢ : N1 — N3 be a bijection and let h € Sstab(P) be defined by

(x)o x € Ny
(x)h =< (z)p~? x € Ny
T otherwise

It follows that (Ni)h = Ny and thus ((N1)f~ ) fhf~t = (No)f~t C N¢. As (Ny)f~!is a moiety of N we have shown that
there is an involution in (f, Sstab(P)|n|)¢ which swaps a moiety of N with a subset of N and fixes all other points.
It follows that, by conjugating this involution by elements of Sstab(P), we can construct an involution which swaps any
moiety of N with any subset of N¢ with cardinality |N| and fixes all other points. By partitioning N and a subset of N°¢
into moieties we can therefore construct an involution in (f, Sstab(P).|n|)c which swaps N with any subset of N¢ with
cardinality |N| and fixes all other points. Let M be a moiety of  and let Nyy € M°\N be such that |Ny| = |N|. Let
g € (f,Sstab(P)<|n|)c be an involution swapping Ny; with N and fixing all other points. We have that g Sstab(P)g~*
acts fully on M and thus as M was arbitrary we have (f,Sstab(P)<|n|)c acts fully on all moieties of 2. We therefore
have (f, Sstab(P)<|n|)¢ = Sym(£2) by Theorem 4.1.1. O

We now have all the theorems required to classify which finite partition stabilisers yield maximal subgroups.

Theorem 4.2.7. Let Q be an infinite set and let P := {Q0, Q... Qr} be a partition of Q into finitely many sets. Then
Sstab(P) is a mazimal subgroup of Sym() if and only if P = {F, F¢} where F is finite or P = {S1, Sa... Sk—1, (U;=x Si)}
where S1,S2 ...Sk_1 are singletons.

Proof. We will consider all the ways of partitioning (2 into finitely many sets.
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. Suppose that P = {Sp, S1 ... Sk—1, (Ui<kS;)¢} where Sp, Sy ...Sg_1 are singletons.
It follows that Sstab(P) = Sstab({U;<xS;, (Ui<kS;)¢}) and therefore by Theorem 4.2.1 that Sstab(P) is maximal.

. Suppose that P = {Sp, 51 ... Sk, Q0,21 ...Q, } where Sy, S1 ... Sk, are singletons, Qo, Q; ...y, are not singletons,
k1,ke € N and ke > 2. Let 27 € Q; and zo € Q. We have that (z1,z2) € Sstab({U;<g, Si, Ui<k, 2 })\ Sstab(P)
and therefore we have Sstab(P) <g Sstab({U;<k, Si, Ui<k,€%:}) which by Theorem 4.2.1 is maximal and therefore
Sstab(P) is not maximal.

. Suppose that P = {Fo, Fy ... Fy,,Q0,Q1 ... Qk, } where Fy, F5 ... Fy, are finite sets at least one of which has at least
2 elements, Q,Q; ... Q, are infinite k1, k2 € N and at least one of ki, ko is not 1. Similarly to case 2 if ky # 1
then Sstab(P) <g Sstab({U;<k, Fi, Ui<k,€2:}) which by Theorem 4.2.1 is maximal and therefore Sstab(P) is not
maximal. If ks = 1 then we have without loss of generality that Fjy has at least 2 elements and k; > 1. Therefore
if 1 € Fy and x2 € Fy then we have that (z1,22) € Sstab({U;<k, Fi, Ui<,€2:})\ Sstab(P) and so Sstab(P) <g
Sstab({Ui<k, Fy, Ui<k, €2 }) which by Theorem 4.2.1 is maximal and therefore Sstab(P) is not maximal.

. Suppose that P = {F, F°} where F is finite. It follows immediately by Theorem 4.2.1 that Sstab(P) is maximal.

. Suppose that P = {N,Q, Q1 ...Qx} where k € N and Rg < |N| < |Q2]. We have that Sstab(P) < Sstab({U{s € P :
|s| = |N|},{U{s € P:|s| # |N|}}}) which is not maximal by Theorem 4.2.6 and therefore Sstab(P) is not maximal.

. Suppose that P = {M;, M5 ... My} a partition into moieties of Q. It follows immediately from Theorem 4.2.5 that
Sstab(P) is not maximal.

O
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Chapter 5
Conclusion

I have now proved all the results mentioned in the introduction. If I were to continue, there are various topics I could
explore. Such as the stabilisers of infinite partitions, topologies on the symmetric groups of uncountable sets, or I could
try and decrease the bound from the abelian product section further. I have thoroughly enjoyed learning about infinite
symmetric groups and working on my project as a whole.
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